Chapter 1:
Real nuwmbersy _

The Babylonians show that if A is a square of side unity and B a square of side equal to the
diagonal d of A, then the area of B is double that of A, in other words: d? = 2. Afterwards, the

Pythagoreans showed that d (which is equal to v/2) is not a rational number. That is to say, we cannot
write V2 in the form % where a,b € Z and b # 0. So, we will need another set containing Q, as well as
the solutions of the algebraic equations.

“ Real numbers are used to represent any physical measurement such as: the price of a product, the time
between two events, the altitude of a geographic site, the mass of an atom or the distance of the nearest

galaxy. These measurements depend on the choice of a unit of measurement, and the result is expressed
as the product of a real number by a unit. ". ( Wikipedia Encyclopedia )
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Definitions and properties

Reminder.

= The set of natural numbers : N={0,1,23,.... }.
» The set of integers : Z=A.... ,—2,—-1,0,1,2, ... ... }.

= The set of rational numbers: Q = {s \P.q€E Z, q # 0}.

“ J

Definition 1.

The set of real numbers, denoted R, is the complement of the set of rational numbers
Q. It is an ordered commutative field equipped with the operations +, x.

Properties.

The order relation < is compatible with the operations + et X ,i.e.fora, b, c,d € R we have:

1) a<band c<d=a+c<b+d.

2) a<bandc=>0=aXxc<bhXc.

3) atc<b+c =>ac<h.

4) a<bandb<c=a<c.

5) a<b=b—-—a€eR, , a<b and b<a=a=bh.

6) 0<a<b <0<;<- and 0<a<be0<a"<b®, VneN".

a
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https://fr.wikipedia.org/wiki/Math%C3%A9matiques_babyloniennes
https://fr.wikipedia.org/wiki/Carr%C3%A9_(g%C3%A9om%C3%A9trie)
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https://fr.wikipedia.org/wiki/Mesure_physique

Theovem 1.(Property of Archimedes)
The field R is Archimedean, i.e.

VxER,INEN: n>x
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l .2. Decimal representation and density

Definition 2. (Decimal representation - Ecriture décimale)

Decimal representation is the expansion in base 10 of a positive real number, given by:

1
x=cn10n+~-+c110+co+d11—0+---+d ~pue

™ 10m

+ o0
n

d;
— 2 k =0
= ck10 + 101
k=0 .
=1

with ¢y, ..., ¢y, ¢o, d4, ..., d,, € {0,1,2,3,4,5,6,7,8,9}, they are called “digits”.

We write  x =c¢, ...c1¢p,dq .. dppy - /

We can consider another base of development other than 10, for example:

base 2 (binary), base 8 (octal), base 16 (hexadecimal), base p ( p-adic).
Examples.

1) Forx = 125,3269, we have

1 1 1 1
— 2 —
1253269 = 1.10* + 210 + 5 + 3. + 2. 75 + 6. 705 + 9.7

2) Forx = 80764, we have

1 1
80764 = 8.10* 4+ 0.103 + 7.102 + 6.10 + 4 + O'E+ O'W+

Proposition 1.

A number is rational if and only if its decimal expansion is periodic or finite.
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Examples.

1) Forx = 1253269, we have
10000
1253269—1253369—1 102 +2.10+5+3 1 +2 ! +6 1 +9
10000 77 o ' 10 77102 103 U104

2) Forx = ?, we have
78 -
- =11,142857142857142857142857 = 11,142857

1 1 1 1

1 1
=110+ 1+ Lop+ 47 + 2955+ Bpg + 5.5 + 7-7get

3) Forx = %, we have

1—033333333—0+3 1 +3 1 + 3 1 +
3=0 = ‘10 102 Toat e
Theoremw 2. (Density of Q - Densité de Q)
The set Q is inR,ie.
Vx,y ER with x<y,3g€Q: x<g<y

S S N

Definition 3. (Irrational numbers)

Irrational numbers are numbers that are not rational. We denote the set of
irrationals by R\ Q or Q°¢.

Example. The numbers v2,m, e, ...areirrational numbers.
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l .3.integer part et absolute value

Definitions 4. (Interger part and fractional part)

e The integer part of a real number x is the largest integer r € Z such as: r < x.
e We denote the integer part by E(x) or [x],sowe have: E(x) <x<E(x)+1.
e Inthe decimal representation of x the integer partis equalto: [x] = ¢, ...c;¢o.

e The fractional part, denoted {x}, is given by :
{X} = 0, dldz dm

e Wehave: x=[x]+{x} and {x}=x-—[x].

4
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Examples.

1) Forx = 2222 = 1253269, we have: [x] = 125 , {x} = 0,3269.

10000
2) Forx = 2023, we have: [x] =2023=x , {x}=0.
3) Forx = é = 0.3333333,wehave: [x]=0 , {x}=0,33333333.
4) Forx = —5,86,wehave: [x]=-6 , {x}=0,86.
5) If E(x) =2 then 2<x<3.

There is another integer part called “superior”, denoted [x], defined by:
[x] —1 < x < [x]

In this case, the integer part [x] is called the “lower integer part”, denoted |x|.

( Proposition 2.

Let x,y € R.We have the following properties :

1) For€Z: E(x+n) =E(x) +n.
0 , ifxeZ
2) E(x)+ E(—x) = :
—1 , Otherwise
3 E)+EW)<Ex+y)<EX)+EW)+1.

\ 4) Fore N*: nE(x) <E(nx) <nE(x)+n-—-1.

Proof.
We will prove the last property. In fact, we have:

ExX)Sx<EMXx)+1 =>nE(x)<nx<nE(x)+n
So: nE(x) <E(nx)snx<Enx)+1<nE(Xx)+n

Definition 5. (Valeur absolue - absolute value)

The absolute value, denoted |x| , is defined by :

|x|_{x , si x=0
—x , Si x<0

( Proposition 3.

Let x,y € R, We have the following properties :

) Ixl=0ox=0 , |xl=|-x , lxI=vaZ.
2) ForeR*: |x|<ae —-a<x<a .
3) The triangular inequality : |x + y| < |x| + |y|.
4) Generalization: |YX5; x| < Xqlxl
5) |xy| = [x]lyl].
8 |l =l =slx+yl L [l =yl < lx -yl
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Proof.
We will prove the triangular inequality. In fact we have: —|x|<x<|x|] and —|y|<x<|y|
We add up the inequalities, we find: —(|x|+ |y]) <x+y < |x| + |y|
So |x+y| <|x|+|y|.
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i 4. Intervals and Extended real line

Definitions 6. (Intervalles - Intervals)

Intervals are subsets of R defined for,b € R, by :

[a,b] ={x € R \ a < x < b} ; [a,b[={x €R \a < x < b}
la,b] ={x € R \ a < x < b} ; la,b[={x €R \ a < x < b}
[a,+o[={x €R \ a < x} ; la,+oo[={x €R \ a < x}
]—oo,b] ={x € R \ x < b} ; |—oo,b[ ={x ER \ x < b}
]-o,+o[=R ; ]0,+o[ =R} ; [0,+o[=R,

; J-0,0[=R: ; ]-%,0] =R, J
&

1) [a,a] ={a}, Jajal= 0.

2) The length of the interval [a, b] equalto b — a. The center of this interval is the point %b.

3) The intersection of intervals R is always an interval. The union of intervals R is not always an
interval .

Definition 7. (Droite réelle achevée - Extended real number line)

The Extended real number line denoted R is defined by :  ]—o0, +oo[ = R

Operations on R. For every x € R, we have :

vV x4 (400) = 4o ) X + (=) = —oo,

v 400+ (+o) =+ , —00 + (—o0) = —oo0,

vV xX(+0) =400, x>0 and X X (40) =—00, x <0.

vV xX(-0)=-00, x>0 and x X (—o) =400, x>0.

v 400 X (+0) =400 —0 X (—w) =—0c0 , 400X (—w)=—o00,
v Indeterminate forms: 0 X (£o0) , 400+ (—o0).
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' 0 bound and lower bound
’

Definitions 8. (Majorant, minorant - Upper and lower bounds)

LetAc Rand M,m e R.

» Wesaythat M is a majorantof A if:Va€A ,a< M.
In this case we say that A is bounded from above or majorized.
» Wesay thatmisaminorantofA if:Va€A ,a>m.
In this case we say that A is bounded from below or minorized.
=  We say that A4 is bounded if it is majorized and minorized.
— S/

Examples.

1) Let A = [1, 3], the numbers: 3,% ,V/21 are upper bounds of A. The numbers: 1,0, —1000 are
lower bounds of A . In this case, the interval [1, 3[ is bounded .

2) Let B = |-, 2], the numbers: 2,7 ,2023 are upper bounds of B. There are no lower bounds of
B(is not minorized , therefore is not bounded).

3) LetC = {x ER \Vx < 2}, the numbers: 4,5, 2050 are upper bounds of C. The numbers:
—1,0,—/1000 are lower bounds of C . In this case, the set C is bounded .

4) Attention ! ForA = [0,1][ U {5}, the numbers: 3, 4,% are not upper bounds of 4.

Definitions 9. (Maximum, minimum)

LetAc Rand M,m € R.

=  We say that M is the largest element of Aif: Va€A ,a<M and ME€EA.
It is called the maximum and is noted max A.

=  We say that m is the smallest element of A if: Va €A ,a>m and meA.
It is called the minimum and is noted min A.

The maximum and the minimum do not always exist. If they exist, they are unique.

Examples.
1) For A; = [1, 3], we have 3 is the largest element of A, then max A; = 3. The number 1 is the
smallest element of A;, then min 4; = 1.
2) For A, = [1,3[, we have 3 ¢ A,, then max A, does not exist. The number 1 remains the min 4,.
3) For A; = |—o, 2], we have max A; = 2, the min A; does not exist ( A5 is not bounded).

4) Thatis A, = {x ER \Vx < 2}, we have max A, = 4 and min 4, = 0.
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Definitions 10. (Supremum, infimum)

= [fAisamajorized part of R, we call the smallest of the upper bounds of A a
« supremum » of A . We note it sup A.

= [f Aisaminorized part of R, we call the largest of the lower bounds of A a
« infimum » of A . We note it inf A.

1) If the upper bound and the lower bound exist, then they are unique.
2) If the upper bound does not exist, we write : sup A = +oo.

If the lower bound does not exist, we write : infA = —oo.
3) Itis not obligatory that sup A and inf A belongto A .

If this is the case, we have: sup A = max Aand inf A = min A.

Examples.

4) LetA = [1,3[ we have: supA = 3 ( max A does not exist) and infA = minA = 1.

5) Letwe B = |—0, 2] we have: sup B = max B = 2 and inf B = —oo. (since B it is not minorized).
6) LetweC = {x € R \ x? < 4} we have: sup C = max C = 2.and infC = minC = —2.

7) Letwe D = [0,1[ U {5} we have: supD = maxD = 5 and infD = min D = 0.

Theorem 3.

» Every majorized part of R has an upper bound in R.
» Every minorized part of R has a lower bound inR.

. Y A Y 4

This property is not valid in Q. For example, the set A = {x € Q \ x? < 2} is bounded by /2,
but the upper bound does not belong to Q.

Proposition 4.
The supremum of 4 is the unique element such that :

1)Vaed a<M

SupA =M <
2)Ve>0,3gp €EA : M —¢e<ay

7 Q

Proposition 5.
The infimum of A is the unique element such that:

1)Va€eA , az=zm

infA=me&
| 2)Ve>0,3a, €A :m+e>aq
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Example.
Letthe set 4 = {xn =1 —% \ n€ N*}. We have: min A = 0 and max A does not exist. So :

= infA =minA = 0.
» We will show that supA = 1.In fact, wehave x, <1, Vvn € N*,
On the other hand, we must show that:

1
Ve>0,ANEN" (qp=xy €EA) : 1_£<1_N

That is to say 5 < N. So, just choose N = E] + 1.

Example.

Let the set B = {bn =t \ n€ N}. For every n € N, we have: %S

2n+1

= Then, % is alower bound and 1 is an upper bound of B. So, the part B is bounded, hence inf B

and sup B exist (according to Bolzano's theorem).
=  We observe that by = 1.So,supB = maxB = 1.

= We will show that infB = % We have% <b,, YnEeN",

On the other hand, we must show that:

n+1 <1+
m+1 27 ¢

Ve >0,3N € N*(a, =by € A) =

That is to say : % < N.So, just choose N = [%] +1
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