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Exercise 01: Prove that the following identities hold for all non-zero natural 

numbers n: 

1)  12 + 22 + ⋯ + 𝑛2 =
𝑛(𝑛+1)(2𝑛+1)

6
. 

2)  
1

1.2
+

1

2.3
+ ⋯ +

1

𝑛(𝑛+1)
= 1 −

1

𝑛+1
. 

Exercise 02:  

1) Prove that for any real number 𝑥 ≥ −1 and any natural number n, we 

have the following Bernoulli’s inequality: 

 (1 + 𝑥)𝑛 ≥ 1 + 𝑛𝑥. 

2) By applying Bernoulli’s inequality, first with 𝑥 =
2

𝑛
 and then with 𝑥 =

−2

3𝑛
 

prove that : 

1 +
2

𝑛
≥ 3

1
𝑛 ≥ 1 +

2

3𝑛 − 2
 𝑓𝑜𝑟 𝑛 = 1,2,3, … . 

Exercise 03:  

1) Find the integer part of the following numbers: 

−9.1, 3.8, 0.1, 𝜋, 𝑒, 11, −3, −4.6  .                    

2) Prove that: 

a) ∀𝑥 ∈ ℝ: [𝑥 + 1] = [𝑥] + 1. 

b) ∀𝑥, 𝑦 ∈ ℝ+ ∶ [𝑥][𝑦] ≤ [𝑥𝑦]. 

c) ∀𝑥 ∈ ℝ, ∀𝑛 ∈ ℕ∗: [
[𝑛𝑥]

𝑛
] = [𝑥]. 

d) ∀𝑥, 𝑦 ∈ ℝ: [𝑥] + [𝑦] ≤ [𝑥 + 𝑦] ≤ [𝑥] + [𝑦] + 1. 

Exercise 04: Solve the following inequalities: 

𝑎) |𝑥 − 2| ≤ |𝑥 + 1|, 𝑏) √4𝑥 − 3 > 𝑥, 𝑐) 
𝑥 − 1

𝑥2 + 4
<

𝑥 + 1

𝑥2 − 4
, 

  𝑑) |𝑥 + 1| + |𝑥 − 1| < 4, 𝑒) |17 − 2𝑥4| ≤ 15, 𝑓) |2𝑥2 − 13| < 5 . 
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Exercise 05: Rewrite the following inequalities : 

1) Without the absolute value sign: 

𝑎) |𝑥 − 1| ≤ 2, 𝑏)  |𝑥 + 5| > 3. 

2) By using the absolute value sign: 

𝑎) − 3 < 𝑥 < 0, 𝑏) 1 < 𝑥 + 2 < 4, 𝑐) − 2 ≤  𝑥 − 1 ≤ 5. 

Exercise 06:  

1) Prove that the following inequalities hold for all real numbers 𝑥  and 𝑦 : 

a) |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|. 

a) ||𝑥| − |𝑦|| ≤ |𝑥 − 𝑦|. 

2) Deduce that : 

∀𝑥, 𝑦, 𝑧 ∈ ℝ: |𝑥 − 𝑧| ≤ |𝑥 − 𝑦| + |𝑦 − 𝑧|. 

3) Use the trigonometric inequality to prove that : 

𝑎) |𝑥| ≤ 1 ⇒ |3 + 𝑥3| ≤ 4, 𝑏) |𝑦| < 1 ⇒ |3 − 𝑦| > 2. 

4) Are the reverse implications of a) and b) true? (Justify that). 

Exercise 07: Prove that for any two real numbers 𝑥  and 𝑦, we have: 

min{𝑥, 𝑦} =
1

2
(𝑥 + 𝑦 − |𝑥 − 𝑦|)  

and 

max{𝑥, 𝑦} =
1

2
(𝑥 + 𝑦 + |𝑥 − 𝑦|).  

Exercise 08: Prove that √3 is an irrational number. 

 


