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106 CH. } LIE GROUPS

Therefore, SL(2, R) can be represented as the digjoint sum of two double
COSELE.

§ 7. Clussification of Simple Lie Groups

The Filling-Cartan classification of simple Lie algebras, by virtue of th. 3.3,
leads to the classification of the corresponding simple Lie groups. The explicit form
of a simple Lie group corresponding 1o a simple complex or real Lie alpebra L
can be casily obtained by exponentiating the explicit defining representation
of L given in ch. 1.5. For example, the Lic algebra slin, C) was rcalized as the
set of ull nxnm-complex traceless matrices. Hence the group SLir, C) consists
of ull clements

. x=¢% Xesln, ), (1)
which by virtue of the identity dete® = ™ ¥ i the set of all nxp-unimodular
matrices. Similarly, one calculates an explicit realization of all other simple Lie
groups corresponding 1o the explicit realization in ¢h. 1.5 of associated Lic
algebras which we now list:

A, Groups associnted with algebrus A, ;

. \......Er__._“:”.
P SLin, R
o - i, /)

SLin, ©) ——Alip,g)y prg=n, pzy. (2}
o SU(2n)
SLin, C)*
(1) SU(p, ¢), p+g =n, p 2 g is the group of all matrices in SL{n, C) which
leaves the guadratic form in C"
BB 4 e A= Tpe By = s —Zniy (3)

invariant. For ¢ = 0, we obtain the unitary group SU(n) of unimodular matrices.
The remaining groups SU(p, g), ¢ # 0, may be called psendo-unitary groups,

(i) SL{m, R} is the group of all real matrices with determinant one.

(1ii) SU*{2n) (denoted also Q1a)is the group of all matrices in SL(2n, C) which
commule with the transformation o in C*" given by

s “..N_.. ..._TNHL = ..H:- Li===4 ..u.ul.l.whu sisa ..I.Hh._u_q HL”_._
(iv) SL(n, C)" is the group SLin, C) considered as a real Lie group.
B. Groups associated with algebras 8,3

S0{2a+1)
SO{2n+1,C) ﬁwﬂ.? @,
s0(z+1, C)"

PHg=2n+l, p=1q. t3)
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(i) SO{2n+1, C) is the group of all matrices in SL{2n+1, C) which conserve
the quadratic form in C*"*Y;
1 SRR 1 (A (6)
(i) SO(p, ), p+q = In+1, p = g, is the group of all matrices in S5L(Ir+1, R)
which conserve the quadratic form
o dxlonl — =k (7
For g = U we obtain the compact orthogonal group 50(2n+1). The remaining
groups S0(p, ), ¢ > 0, may be called pseudo-orthogonal.
(iii) SO(2n+ 1, €)% is the group SO(2n+1, C) considered as a real Lie group.

C, Groups associted with algebras C,:

Spia)

Spip, gl

Spla, R), prg=an,p=q. 8}
Spin, CP*

(1) Spin, C)is the group of all matrices in GL({2Zn, C) which conserve the exterior
form in C™™*

A

Spin, C)

223 —~230 31 oo FZuZisr— TnsrFas (k)]
(1) Spip, ¢) is the group of all matrices in Sp(n, C) which conserve the her-
mittan form in C2°
Pl T (10}
where

pe = b (1)

For ¢ =0 we obtain the compact sympleclic group Spin). It is evident from

cqg. (10} that
Spln) = Spln, C)nl(2n),
and
Sp(p, ¢) = Spln, C)nUdp, 1q).

tin} Spia, R) is the group of all mairices in GL{(2n, R} which conserve the
exterior form in R
+M-...._I.—.u ik...__..._...ﬂ.-.. :H.-

(iv) Spin, C)® is the group Spin, C) considered as a real Lie group.

XX g — Xy, X 4+

* The exterior form i (x A p)¥ = § (=l —aipl),
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