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CHAPTER 1

HOLOMORPHIC FUNCTIONS

1.1 Complex plane

Definition 1.1.1 A complex number is a number z of the form z = x + iy where x,y € R.
Ifz=x+1iy, x,y € R, then x = R(z) is the real part of z and y = 3(z) is the imaginary part of
Z.

Remark 1.1.1 1) Rc C.

2) Two complex numbers are equal when their real and imaginary parts are equal, that is

z1 = X1+ i1 = 20 = Xp + iy if and only if x1 = xp and y; = ya.

3) Every complex number z = x + iy can be considered as a point M(x, y) on the cartesian

plane.

Definition 1.1.2 Let z; = x1 + iy, and zo = x, + iy, be two complex numbers.
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1) The addition of z, and z, is the complex number z given by
z2=21+2 = (X1 +x2) + (Y1 + V)
2) The subtraction of zy and z, is the complex number z given by
z=21-2= (01— Xx2) +i(y1 = ).
3) The multiplication of z; and z, is the complex number z given by
z =21.2p = (X1X2 — Y1l2) + i(y1x2 + X112).

4) The division of z1 by z, where z, # 0 is the complex number z given by

oz XX~ Wil 4 Z.ylxz + X1Y2

z = =
2 2 2 2
Zy X5+ Y, X5+,

Proposition 1.1.1 Let z; = x; + iy;, j = 1,2, 3 be complex numbers. Then

a) z1 +2p = zp + 21 and z1.zp = 2p.z1, the addition and the multiplication are commutative.

b) (z1+22) + 23 = 21 + (22 + 23) and (z1.22).z3 = z1.(22.23), the addition and the multiplication

are associative.

©) z1.(z2 + 23) = 21.22 + 21.23, distributivity of multiplication over addition.

Definition 1.1.3 Let z = x + iy, x,y € R be a complex number. The conjugate of z is the

complex number given by z = x — iy.
Proposition 1.1.2 Let z, z; and z, be complex numbers. Then

1) z=zifand only ifz € R.
2) z=-zifandonly ifz =iy, y € R.

3) z1+z,=z1+zyand zy — 2o = 21 — Z5.
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4) 712, = z1.25 and (;—;) = % ifzo # 0.

5) z =2z

Proposition 1.1.3 Let z = x + iy, x,y € R be a complex number and let z be its conjugate.

Then z +z = 2R(z) and z — z = 2i3(z). That is

R(z) = % and 3(z) = zz—iz.

Remark 1.1.2 A complex number z = x + iy, x,y € R can be considered as a vector from the

origin O(0,0) to the point M(x, y).

Definition 1.1.4 Let z = x + iy, x,y € R be a complex number. The modulus of z is the real

number |z| = /x% + 2.

Proposition 1.1.4 Let z, z1, z, be complex numbers and let z be the conjugate of z. Then

1) |z| > 0and |z| = 0 if and only if z = 0.
2) |z = Vzz

3) |zl = [zl.

9) |z1.20] = lzillzal and |2 = B, 2, £ 0.

5) |z1 + 2| < |z9| + |zal.
6) |z1] — [z2ll £ |z1 — 2ol

7) %z&,VzEC*.
Definition 1.1.5 Let z = x + iy € C*. The number z can be expressed in trigonometric (or
polar) form as

z = r(cos 6 + sin 0),

where v = |z| = /x> + y? and O is a real number such that cos9 = %, sinf = %, that is

r/

O = arctan (%) )



E. Belhannache CHAPTER 1. HOLOMORPHIC FUNCTIONS

o The number O is called an argument of z and we write 0 = arg z.

o We denote by Arg(z) the principal value of arg(z) and it is defined as the unique value of

arg(z) such that —m < arg(z) < .

Remark 1.1.3 a) argz is the angle measured in radians that the vector corresponds to z makes

with the positive real axis.

b) The argument of z = 0 is not defined.

Proposition 1.1.5 Let z; and z, be two nonzero complex numbers. Then

1) arg(zi.zp) = arg(zi1) + arg(zy).

2) arg(i—;) = arg(z1) — arg(zy).

Definition 1.1.6 Let z = x + iy € C. The exponential of z is defined by
e = e*(cos y + isiny).

Proposition 1.1.6 Let z1,z, € C. Then

1) ezl+22 — ezlezz.

2) & = pu22,

2

Remark 1.1.4 1) Ifz =iy, y € R, then we have the formulas of Euler
e = cosy +isiny.

2) Forevery y € R, we have

e + e el — e

cosy=—j and siny = o7

Definition 1.1.7 Let z = x + iy € C*. The number z can be expressed in exponential form as

z = re'® wherer = |z| and O = argz.
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Proposition 1.1.7 Let z; = r1e'% and z, = r,e'% be two nonzero complex numbers. Then

10, i(@l +92)

(1) z1.zp = 11911562 = 11190

sy oz el o i0,-60,)
(ii) 2 = el = 5 .

(iii) The conjugate of z = re'® € C* is given by z = (re¥) = re™°.

Proposition 1.1.8 (De Moivre’s formula)

(cos O +isin0)" = cosnb +isinnO, YO € R, Vn € N.

Corollary 1.1.1 Let z = re'® be a nonzero complex number where r = |z| and 6 = Argz. Then

the n distinct roots of z are given by

- 0+2km

zk:(r)%el » ,k=0,1,...,n—1,ne€IN*.

Definition 1.1.8 Let zy € C and r € R}.

1) The set B(zo, 1) = {z € C, |z — zo| < r} is called the open disk centered at zy with radius r.
2) The set B(zo, 1) = {z € C, |z — zo| < 1} is called the closed disk centered at zy with radius r.
3) The set C(zg,r) =1{z € C, |z — zo| = r} is called the circle centered at zy with radius r.

4) Theset B(0,1) = {z € C, |z| < 1} is called the open unit disk.

5) The set C(0,1) = {z € C, |z| = 1} is called the unit circle.
Remark 1.1.5 B(z, 1) is also called the e—neighborhood of z, or a neighborhood of z.

Definition 1.1.9 Let A be a subset of C and let zy € A. We say that z, is an interior point of A
if there is a neighborhood of z, that is completely contained in A.

Example 1.1.1 1) Let A be the right half-plane, A = {z € C, Rez > 0}, then zo = % is an

interior point of A.
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2) Every point z in the open disk B(zy, r) = A is an interior point of A.
3) Let A = B(0, 1), then every complex number z such that |z| = 1 is not an interior point of A

and every complex number z such that |z| < 1 is an interior point of A.

Definition 1.1.10 Let A C C be a set. We say that A is an open set if every point of A is an

interior point of A.
Example 1.1.2 C and 0 are open.

Definition 1.1.11 Let A C C be a set and z, € C.

o We say that z, is an exterior point of A if there is some neighborhood of z, that does not

contain any points of A.

o We say that z is a boundary point of A if every neighborhood of z, contains at least one point

of A and at least one point not in A.
o We denote by dA the set of all boundary points of A and it is called the boundary (or frontier)

of A.

Definition 1.1.12 Let A C C be a set. We say that A is closed if it contains all of its boundary
points, that is dA C A.

The set AU dA = A is called the closure of A.

Example 1.1.3 1) C and 0 are closed.

2) The closed disk B(zq, t) is closed and it is the closure of the open disk B(z, ).

3) The circular annulus A = {z € C, r1 < |z| < 1o} where 11,1, € R is neither open nor closed

and its boundary is given by dA = {z € C, |z =} U {z € C, |z| = r1}.

Remark 1.1.6 Let A be a subset of C. Then, A is open if and only if its complement Ag =
{z,ze Cand z ¢ A} is closed.
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Definition 1.1.13 Let A C C be a set and z, € C. We say that z is an accumulation point (or

limit point) of A if every neighborhood of z, contains infinitely many points of A.

Remark 1.1.7 Let A be a subset of C. Then, A is closed if it contains all of its accumulation

points.

Definition 1.1.14 Let A be a subset of C. We say that A is bounded if there exists a positive
real number K such that |z| < K, Yz € A.

If A is not bounded, we say that A is unbounded.

Definition 1.1.15 Let A be a subset of C. We define the diameter of A by

diam A = sup |z — w|.
z,WeA

Remark 1.1.8 It is clear that a set A is bounded if and only if diam A < +oo.

Theorem 1.1.1 (Bolzano-Weierstrass) Let A be an infinite bounded set of complex numbers,

then A has at least one accumulation point.

Definition 1.1.16 Let A be a subset of C. we say that A is compact if it is closed and bounded.
Example 1.1.4 The closed disk B(zo, 1) is compact but the open disk B(z, r) is not compact.
Definition 1.1.17 1) Let z1,z, € C. The set [z1,z,] = {z€ C, z=(1 —t)z1 + tz», t € [0, 1]}

is called the line segment joining z, and z,.

2) Let z1,2,...,2u+1 € C and let I be the line segment joining zy and z1, k € {1,2,...,n}.
The successive line segments 11,1y, ..., 1, from a continuous chain is called a polygonal

path joining z; to z,41.

Definition 1.1.18 Let A be an open subset of C. we say that A is connected if every pair of
points z1,z, € A can be joined by a polygonal path that lies entirely in A.

A domain is an open connected set.
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Example 1.1.5 The open disk B(zy, ) is a domain.
Definition 1.1.19 A region is a domain together with some, none, or all of its boundary points.

Definition 1.1.20 Let A be a subset of C. We say that A is convex if each pair of points

21,22 € A can be joined by a line segment [z1,z>] such that every point in [z1,z] lies in A.
Example 1.1.6 Open disks and closed disks are convex.

Remark 1.1.9 1) If A and B are two convex sets, then A N B is also convex.

2) If A is a convex set, then it is connected.

1.2 Complex-valued functions

Definition 1.2.1 Let E be a subset of C. A complex function (or complex-valued of a complex
variable) f from E to C is a rule that assigns to each z € E a complex number w € C and this w
is called the value of f at z.

The set E is called the domain of f.

The set {w € C, Iz € E, w = f(z)} is called the rang of f.

Definition 1.2.2 Let E be a subset of C and let f : E — C be a complex function.

1) We say that f is single-valued if for each element z € E, f assigns one and only one value

w = f(2).

2) We say that f is multi-valued if for each element z € E, f assigns a finite or infinite
non-empty subset of C.

3) Wesay that f is periodic in E if there exists a constant T € Csuch that f(z+T) = f(z), Vz € E
and T is a period of f.

10
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Example 1.2.1 a) The function f : C — C defined by f(z) = iz, Yz € C is single-valued.

b) The function f : C — C defined by f(z) = argz, Vz € C is multi-valued.
Remark 1.2.1 A branch of a multi-valued function is a single-valued function.

Definition 1.2.3 Let E C C, f : E — C be a complex function and z = x + iy € E, then the
value of f at z can be written as w = f(z) = f(x + iy) = u(x, y) + iv(x, y) and u is called the

real part of f and v is called the imaginary part of f.

Example 1.2.2 (i) The domain of the function f defined by w = f(z) = 2> + 5z is C and for all
z = x+iy, x,y € Rwehavew = f(x+iy) = x>—y>+5x+i(2xy+5Y), then the real part of f
is the function u : R*> — Rdefined by u(x, y) = x*~y*+5x, Y(x, y) € R?. The imaginary
part of f is the function v : R> — R defined by v(x, y) = 2xy + 5y, Y(x,y) € R%

(ii) The domain of the function f defined by w = f(z) = |z| is C and it is clear that f is a
real-valued function, then the real part of f is the function u : R> — R defined by
u(x,y) = 22+ y2, ¥(x,y) € R% The imaginary part of f isv = 0.

Definition 1.2.4 Let zy € C and let f be a complex function defined in some neighborhood of

zo. We say that f has a limit wy as z approaches z, if we have
Ve>0,36>0,|z—20| <6 = |f(z)—w0| <eE&.

In this case we write lim f(z) = wy.

z—2)

Example 1.2.3 1) Let f be the function defined by f(z) = 8z + 1, Yz € C. We will prove that
lim f(z) = =7 + 8i. Let zo = =1 + i and wy = =7 + 8i. We have

z—i—1

|£(z) — wo| 18z + 1 — (=7 + 8i)|

8lz—(-1+1)],

hence,

Ve>0,36= 2> 0, lz— 20l <0 = |f() - w| <.

11
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2) Let f be the function defined by f(z) = 22, ¥z € C \ (2i}. We will prove that lirg f(z) = 4i.

2=2i”
Let zg = 2i and wy = 4i. We have

22 +4
z—2i
|z — 2,

|f(z) - w0|

]

hence,

Ve>0,d6=¢>0, |z—20|§(5=>|f(z)—wo|<e.

Theorem 1.2.1 Let f : E — C be a function defined by

f(z) = f(x+iy) =ulx,y) +iv(x,y), Vz=x+iy € E
and let zy = xo + 1Yo, Wo = Ug + iV, Xo, Yo, Uo, Vo € R. Then

lim  u(x,y) =up
()= (x0,y0)
limf(z) =wy &< and
z—20

Iim o(x,y) = v,
ooy Y = 00
Proposition 1.2.1 Let E C C, zy € E and let f,g : E — C be two functions. Suppose that
each function has a limit as z approaches z. Then
1) lim(f(z) + 9(z)) = im f(z) + limg(z).
z—2 z—2( z—2

2) lim(f(2)g()) = (lim f)(limg(2))

) lim f(z)
. . _ Z—?ZO
2) If }1_}11109(2) # 0, then ;1_13210% = T

Remark 1.2.2 We use the notation z — oo if we have |z| — +oco and we use the notation

f(z) = oo if we have |f(z)| = +oco.

Definition 1.2.5 Let zy, wy € C and let f be a complex function defined in some neighborhood

of 2.

12
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1) We say that ;1_{?0 f(z) = oo if we have

Ya>0,36>0, |z—2| <0 = |f(z)| > a.
2) We say that Zh_)rg f(z) = wy if we have

Ye>0,3>0, |zl > = |f(z) —wol < &.
3) We say that Zh_)rg f(z) = oo if we have

Ya>0,36>0, |z| > = |f(2)| > a.

Example 1.2.4 1) Let f(z) = 2%, then limf(z) = &.

2) Let f(z) = 355, then lim f(z) = 0.

Definition 1.2.6 Let E C C, zp € Eand f : E — C be a complex function.
o We say that f is continuous at z if }1_)11010 f(z) = f(z0).

e We say that f is continuous on E if it is continuous at each point of E.
Example 1.2.5 The following complex functions are continuous on C.

& f:C—C, f(z) = Rez.

29:C—C gkz)=22+z-3.

Remark 1.2.3 Let E C C, zg = xo +iyo € Eand let f : E — C be a complex function such
that f(z) = u(x,y) + iv(x,y), Yz € E. Then f is continuous at z, if and only if u and v are

continuous at (xo, Yo)-

Proposition 1.2.2 Let E C C, zp € Eand let f,g : E — C be two complex functions. If f

and g are continuous at zy, then f + g, fgand §' 9(zo) # 0 are continuous at z.

13
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Remark 1.2.4 1) Polynomial functions defined by P(z) = ag + a1z +--- +a,z", ¥z € C, a; €

R, j€1{0,1,...,n} are continuous on the whole plane C.

2) Rational functions defined by R(z) = g((z)) where P and Q are two polynomial functions, are

continuous at each point z such that Q(z) # 0.

Example 1.2.6 Let us consider the functions f, g, h defined respectively by f(z) = 2> =2z + 6,
g(z) = 22 and h(z) =

2+4
z(z—3i)*

Then f is continuous on C, g is continuous on C* and h is

continuous on C \ {0, 3i}.

1.3 Holomorphic and harmonic functions

Definition 1.3.1 Let E C C, zp € E and let f : E — C be a complex single-valued function.
We say that f is differentiable at z if the following limit exists and belongs to C.

Lo £~ fla)
m-—-—-.

>z Z— 2

(1.1)

In this case, we denote by f'(zp) (or %(zo)) the derivative of f at zp and

e = lim O

z>z0 2 — 2

If f is differentiable at every point z € E, we say that f is differentiable in E.

Remark 1.3.1 If we put Az = z — zy, then the limit given in (2.2.1) becomes
Zo + Az) — f(z
i [ G0 + A2) — f(z0)

Az—0 Az

(1.2)

Example 1.3.1 1) Let f : C —> C be the function defined by f(z) = z?, Yz € Cand let z; € C.
Then

f@) - fzo) _ z2? -z}
zZ— 2y zZ—2Z
(z — 20)(z + 20)
zZ—2Z
z+ Zp.

14
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Hence

limM = lim(z + zg) = 2z,

z—2Z0 Z—2Zp z—2Z0
then f is differentiable at zy and f’(z) = 2z,
Similarly, we have

%(z”) =nz"1, Vn € N*.

2) Let f : C — C be the function defined by f(z) =z, Vz € Cand let zy € C \ R. Then

f(zo + Az) — f(z0) Zo+ Az -2y
Az Az

Zo+Az-%
Az

Letz=x+1y, x,y € R, then Az = Ax + iAy and

flzo+Az)~f(zo) |1, ifAy=0

Az -1, ifAx=0,

therefore, the limit given by (1.2) does not exist, and f is not differentiable at any z, € C.

Remark 1.3.2 All rules known for real functions are also satisfied for complex functions.

Proposition 1.3.1 Let E C C, z, € E, c be a real number and let f,g : E — C be complex

single-valued functions. If f and g are differentiable at z,, then
1) f F g is differentiable at zo and (f F g)'(z0) = f'(z0) F 7' (20)-
2) cf is differentiable at zy and (cf) (zo) = cf’(zo).

3) fyg is differentiable at zo and (fg)’(z0) = f(20)9’(z0) + f'(20)9(20)-

D) . ! (z0)f"(20)—f(20)9 (z0)
4) § is differentiable at zy and (%) (z0) = L2 (;(ZOJ;)ZO T30 if g(zo) # 0.

5) If f is differentiable at g(zo), then f o g is differentiable at zo and (f o g)’(z0) = f’ (9(20)) 9’ (20).

15
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Theorem 1.3.1 Let E C C, zp € Eand f : E — C be a complex single-valued function. If f
is differentiable at z,, then it is continuous at z.

The converse is not true.

Example 1.3.2 The function f defined by f(z) = |zI>, Yz € C is continuous in C, but it is
differentiable only at z = 0.

Theorem 1.3.2 (Cauchy-Riemann equations) Let E C C, zg = xo + iyo € E and let f :
E — C be a complex single-valued function such that f(z) = u(x, y)+iv(x,y), Vz = x+iy € E.
If f is differentiable at z, then the first order partial derivatives of u and v satisfy, at (xo, Yo),

the following equations

0 0 0 0
a—Z(onyo) = a—;(xol Yo) and é(xof Yo) = —a—Z(XO,yo)- (1.3)

The equations given in (1.3) are called the Cauchy-Riemann equations.

Example 1.3.3 Let f(z) = x*> + y + i(y* — x) = u(x, y) + iv(x, y), Yz = x + iy € C. Then
u(x,y) =x* + yand o(x, y) = y* - x,

therefore
ou dv u dv
g(x/ ]/) - 2xl @('xl ]/) - 2]/ and a_y(x/ ]/) - 1/ g(xl ]/) = -1

Hence f is not differentiable at any point z€ C\ {z € C, z = x +ix, x € R}.

Theorem 1.3.3 Let E C C, zy = xo + iyo € E and let f : E — C be a complex single-valued
function such that f(z) = u(x,y) + iv(x,y), Yz = x + iy € E. If u and v have continuous
partial derivatives %, 3—;‘, 2, g—; in a neighborhood of zy and if they satisfied, at (xo, yo), the
Cauchy-Riemann equations given in (1.3), then f is differentiable at z.

Furthermore,

0 .0

1 (zo0) 3_z(x0’ Yo) + 18_z(x0’ Yo)
0 .0

= a—;(xo, Yo) — Za—;(xo, Yo)

16
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Example 1.3.4 Let f(z) = z°, Vz € C, then

fz) = f(x +iy) = x> = 3xy”* + i(3x°y — y°) = u(x, y) + iv(x, y)
where
u(x, y) = x> = 3xy? and v(x, y) = 3x°y — y°.
Then for all (x, y) € R? we have

ax(x,y)—Sx 3y —ay(x,y) and ay(x,y)— oxy = ax(x,y).

Therefore, u and v have continuous partial derivatives and they satisfy (1.3), hence f is differ-

entiable in C and for all z € C we have

J 0
f@) = Foloy)+isy)

= 3x* - 3y* +ibxy
= 3(x* — y* + 2ixy) = 32°.

Definition 1.3.2 Let E C C, 2y € E and let f : E — C be a complex single-valued function.
We say that f is holomorphic at z if it is differentiable at zy and in a neighborhood of z.

Remark 1.3.3 A function can be differentiable at a point but not holomorphic at the same point.

Example 1.3.5 The function z «— |z|* is differentiable at z = 0 but it is not holomorphic at

z=0.

Definition 1.3.3 Let E C C be a domain and let f : E — C be a complex single-valued
function. We say that f is holomorphic in E if it is holomorphic at each point z, € E.

Definition 1.3.4 Let f : C — C be a complex single-valued function. We say that f is entire

if it is holomorphic in whole C.

Definition 1.3.5 We say that a a complex single-valued function f is holomorphic at z = oo if

zZH f(%) is holomorphic at z = 0.

17
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Example 1.3.6 Polynomial complex functions are entire.

Proposition 1.3.2 (L'Hépital) Let E C C, zy € E and let f,g : E — C be two complex
single-valued functions such that f and g are holomorphic at z, with f(zy) = g(zo) = 0, but

g'(zo) # 0, then
f(z) _ f'(z0)

im = :
=0g(z) (20

Example 1.3.7 Let zy = i and
_Z2+i f(2)
Ma) =g = 9(2)
where f(z) = 2> +iand g(z) = z* + 1, then f and g are holomorphic at zo. In addition,
(@) = g(i) = 0and g'(zo) = 2i # 0, hence by applying the Proposition 1.3.2 we get

, 2wl fie L 322 3.
;1_15(1)}1(2) - lzlirilz2 +1 1zlirilg’(z) B lzl—IHE - 2"

Theorem 1.3.4 Let E C C be a domain and let f : E — C be a complex single-valued
function. If f is holomorphic in E and f'(z) =0, Vz € E, then f(z) =k € C, Vz € E. That is f

is constant in E.

Example 1.3.8 Let E={z € C, |z| <1} U {z € C, |z| > 2} and let f : E — C be the function
defined by
1, if |zI <1
f(z) = _
2, if |z| > 2.

It is clear that E is not a domain, in addition f is holomorphic in E and f'(z) = 0 forall z € E,

but f is not constant in E.

Theorem 1.3.5 Let E C C be a domain and let f : E — C be a complex single-valued

function. If f is holomorphic in E and if |f| is constant in E, then f is constant in E.

Definition 1.3.6 Let D C IR?, (xo,y0) € D and let h : D — R be a real function. We say
that h is harmonic at (xo, yo) if it has continuous partial derivatives of the first order and of the

second order and these partial derivatives satisfy, at (xo, Yo), the following Laplace equation

0*h 0*h
Ah(xo, Yo) = w(xo, Yo) + 8_y2(x0’ Yo) = 0.
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We say that h is harmonic in D if it is harmonic at each point (x, y) of D.

Theorem 1.3.6 Let E C C beadomainand let f : E — C be a complex single-valued function

such that f(z) = u +iv, Vz € E. If f is holomorphic in E, then u and v are harmonic in E.

Definition 1.3.7 Let D C R? and let u,v : D — R be two real functions. If u and v are
harmonic in D and their first order partial derivatives satisfy Cauchy-Riemann equations (1.3),

then we say that v is a harmonic conjugate of u.

Example 1.3.9 Let u, v : R> — R be two real functions defined by

u(x, y) = * — v, o(x, y) = 2xy, V(x,y) € R?,

then
du 3 du B 5
a(x, y) = 2x, ay(x, y) =2y, Y(x,y) € R,
hence
%u u )
ﬁ(x, y) =2, 8_y2(x' y)=-2,Y(x,y) €R
and

2 2

2°u 2°u
AM(.’X, ]/) - a_xz(x/ ]/) + 8_}/2(x' ]/) - 0/
then u is harmonic in R?

Similarly, we can prove that v is harmonic in R?. Furthermore, u and v satisfy Cauchy-Riemann

equations (1.3), then v is a conjugate of u.

Example 1.3.10 Find a holomorphic function f whose real part is given by

u(x,y) = e “siny, Y(x,y) € R%

We have
du .. du . )
g(x, y) =—e "siny, 8y(x' y)=e"cosy, Y(x,y) € R,
hence
*u . du e
ﬁ(x, y)=e *siny, 8_y2(x' y) =—e “siny, Y(x,y) € R?

19



E. Belhannache CHAPTER 1. HOLOMORPHIC FUNCTIONS

and
2 2

o°u o“u
sulx,y) = 55 y) + 8_y2(x’ y) =0,
then u is harmonic in R?.
Let v : R> — R be a conjugate of u, then u and v satisfy Cauchy-Riemann equations (1.3),
that is
dv _du I 2
a_y(xl y) - a(x, ]/) =—€¢ sy, V(x/ y) € R (14)

and

dv _ du o )
g(x, y) = 8y(x’ y) =—e *cosy, Y(x,y) € R (1.5)

By integrating (1.4) with respect to y, we get
v(x,y) = e cosy + p(x). (1.6)
Substituting (1.6) in (1.5) we obtain
—e*cosy+ @'(x) = —e " cosy,
then ¢’(x) =0, Vx € R, hence ¢(x) = k € R. Therefore,

f(z) =e"siny +ie*cosy + ik = ie”* + ik, k € R.
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CHAPTER 2

ELEMENTARY COMPLEX-VALUED
FUNCTIONS

2.1 Complex exponential function

Definition 2.1.1 The exponential function is the function f : C — C defined by
w=f(z)=e"=¢e"cosy+ic'siny, Vz=x+iyeC, x,y € R
By applying the Theorem 1.3.3 we can easily obtain the following result.

Proposition 2.1.1 Let w = f(z) = €*, Vz € C, then f is entire and for all z € C we have

f'(z) = €.
Proposition 2.1.2 Let z,z; and z, be three complex number. Then

1) ¢#=1z=2kni, keZ.
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2) ' =2 & z1 =20+ 2kmi, k € Z.
3) ¢% = ¢,
Proof.

1) <2 Letz = 2kmi, k € Z, then &% = 2™ = cos(2km) + i sin(2km) = 1.

=?Letz=x+1y, x,y € R, then

F=1 = ee¥=1
= Y =1
= =1
= x=0,
hence
¢ =¢e¥=cosy+isiny =1,
then

cosy=1and siny =0.
Therefore, y = 2kn, k € Z, that is z = 2kmni, k € Z.

2) &? Letz; =z, + 2kmi, k € Z, then

Z1 — ezz+2kni 7o ,2kTti V)

€ =e€

=7?Suppose thate = ¢, thene” ™ = 1. By using 1) we obtain z; —z, = 2kmi, k € Z,

thatis z; = z, + 2kmi, k € Z.
3) Letz=x+1y, x,y € R, then
¢ =" =¢"cosy +ie'siny,
hence

¢ =¢"cosy—ie“siny =Y = ¢

Corollary 2.1.1 The function z +— ¢* is periodic with period T = 27ti.
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2.2 Complex trigonometric Functions

Definition 2.2.1 We define the complex sine and the complex cosine respectively by

eiz —e2 eiz + e—iz
; COsz = .
2 2

From the Proposition 2.1.1 and the Definition 2.2.1, we have the following result.

Proposition 2.2.1 The complex functions z — cosz and z +— sinz are entire and for all
z € C, we have

—sinz = cosz and — cosz = —sin z.

dz dz

Proposition 2.2.2 For all z € C, we have

sinz = sinz and COSZ = COS Z.

Proof. By using the Definition 2.2.1, the Proposition 2.1.2 and that iz = —iz, Yz € C, we

have

e — e k2
SNz —
2i
eE _ e—_iz
—2i
elE _ e—E
2i

= sinz.

Similarly, we can prove that cosz = cosz. =
Proposition 2.2.3 Let z,z;, z, be three complex numbers, then

1) sin(z + 2m) = sinz, cos(z + 27) = cosz.
2) sin(z + m) = —sinz, cos(z+ m) = —cosz, sin(; —z) = cosz.
3) sin(—z) = —sinz, cos(—z) = cosz, sin’z+ cos?z = 1.
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4) sin(z; + zp) = sinz; oS z, + COS 21 SiN Z;.

5) cos(z1 + zp) = COS z1 COS Z, F Sin z7 sin 2.

6) sin(2z) = 2sinzcosz, cos(2z) = cos?z — sin®z.
7) sin(z; + z») sin(z; — 2z2) = cos(2z,) — cos(2z1).
8) cos(z1 + z) sin(zy — z) = sin(2z;) — sin(2z,).

9) sinz=0©z=kn, ke Z.

10) cosz=0ez= 7 +km, ke Z.
Proof. Exercise. m

Corollary 2.2.1 The complex functions z — cosz and z — sinz are periodic with period

T =2m.

Definition 2.2.2 We define the complex tangent, cotangent, secant and cosecant functions by

sinz Ccosz
tanz = ——, cotz=——, secz = , CSCz = ——.
CcOSz sinz

From the Definition 2.2.2, the Proposition 2.2.1 and the Proposition 2.2.3 we get the

following result.

Proposition 2.2.4 1) The complex functions z — cotz and z — csc z are holomorphic in

C\ {kn, k € Z}.

2) The complex functions z +— tanz and z + sec z are holomorphic in C\ {3 + kmt, k € Z.}.

Furthermore,

d
2 2
—tanz =sec”z, —secz =sec(tanz), —cotz =—-csc"z, — cscz = —csc(cotz).
dz " dz ( ) dz " dz ( )

Remark 2.2.1 e The complex secant and cosecant are periodic functions with period T = 27t.

o The complex tangent and cotangent are periodic functions with period T = .
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o The inequalities |sinx| < 1 and |cosx| < 1 are satisfied for all real numbers x, but they,
in general, are not satisfied for complex numbers. Indeed |cosi| ~ 1.5431 > 1 and

|sin(2 + i)| ~ 1.4859 > 1.

2.3 Complex hyperbolic Functions

Definition 2.3.1 We define the complex hyperbolic functions cosh, sinh, tanh and coth by

Z _ o,z z -z

sinh z coshz
, coshz = =

, cothz = — .
coshz sinh z

) e
sinhz = , tanhz =

From the Proposition 2.1.1 and the Definition 2.3.1, we have the following result.

Proposition 2.3.1 The complex functions z — cosh z and z — sinh z are entire and for all
z € C, we have

i sinh z = cosh z and i coshz = sinh z.
dz dz

Proposition 2.3.2 Let z,z1,z, € C. Then

1) cosh(iz) = cosz, cos(iz) = coshz.

2) sinh(iz) = isinz, sin(iz) = isinhz.

3) sinh(—z) = —sinhz, cosh(-z) = coshz.

4) cosh®z —sinh®z = 1.

5) sinh(z; + z;) = sinh z; cosh z; + cosh z; sinh z,.

6) cosh(z; + z,) = cosh z; cosh z, + sinh z; sinh z5.

7) sinh(2z) = 2sinhzcoshz, cosh(2z) = cosh?z + sinh” z.

8) sinhz =0 z=kni, k€ Zand coshz=0&z=(k+1)mi keZ

Proof. Exercise. m

25



E. Belhannache CHAPTER 2. ELEMENTARY COMPLEX-VALUED FUNCTIONS

Corollary 2.3.1 1) The complex functions z — coshz and z — sinhz are periodic with
period T = 2Tti.

2) The complex function z — coth z is holomorphic in C \ {kmi, k € Z}.

3) The complex function z — tanh z is holomorphic in C \ {(k + %) i, k € Z} .

9) Ltanhz=—L_ vzeC\{(k+1)mi kez].

5) L cothz=-—, Yz € C\ {kni, k € Z}.

sinh?z”’

2.4 Complex logarithmic Function

Definition 2.4.1 We define the complex logarithm function as an inverse to the complex
exponential function. That is a logarithm of non zero complex number z is any complex number

w that e¥ = z and we write w = logz = In|z| + iarg z.
Remark 2.4.1 z +— log z is a multi-valued function.

Example 2.4.1 1) log3 =In|3| +iarg3 = In3 + 2kni, k € Z.
2) log(-1) =In| - 1| +iarg(-1) = 2k + 1)7ti, k € Z.

3) log(l+i)=In[1+i+iarg(l+i) =In V2+i(% +2kn), k€ Z.
Proposition 2.4.1 Let z,z1,z, € C*, then

1) Ifz =re”?, thenlogz = Inr + i6.
2) loge* =z + 2kmi, k € Z.
3) logziz; = logz; + logz,.

4) log Z =logz; — logz,.
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Proof. Exercise. m

Definition 2.4.2 We define the principal branch of the complex logarithm function log by

Logz = In|z| + iArgz.

Theorem 2.4.1 The function z — Logz is holomorphic in the domain E = C\] — oo, 0[

d 1
Vze€E, ——Logz = —.
z€k, —Logz =~

Proof. Let w = Logz, zy € E and wy = Logz, then

Logz — Logz,

|
—_
=

lim
-7 Z—Zo w—wo eW — evo

2.5 Complex power Function

Definition 2.5.1 Let z € C* and a € C. We define the a — th power z* of z by

a alogz

7 = p aln |z|+1argz.

=€

Remark 2.5.1 1) The complex function z — z* is a multi-valued function.
2) Letz€ C* and a € C. Then

Za — ea(ln|z|+1Argz)62akm’ k cZ.
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Example 2.5.1 o 1/ =¢/lo8l = ¢™27 ke 7,

° (_Z)i — eilog(—Z) — eiane—(n+2kn)’ ke ”Z.
Remark 2.5.2 Let z € C* and a € C. Then

o z — z% is single-valued function if « € Z.
o z > z° takes finitely many values if « is real rational number.

o z > z% takes infinitely many values in all other cases.

Definition 2.5.2 Let z € C* and a € C be a constant. The principal branch of the function

z +— 2% is the single-valued function defined by f(z) = z* = e*%=.

Remark 2.5.3 Since z — € is entire and z — Logz is holomorphic in E = C\] = o0, 0], then

the principal branch of z w— z“ is holomorphic in E. Furthermore,

d d
- (eaLogz) — eaLong (aLogz) — geaLogz.

d ay —
VzeE,E(z)—[le

2.6 Inverse trigonometric and hyperbolic functions

Definition 2.6.1 1) The complex arcsine function is the solution to the equation

2) The complex arccosine function is the solution to the equation

eiw + e—iw

Z=Ccosw =
2

Proposition 2.6.1 1)
1 . 2
arcsinz = = log (zz + (1 - 22)2).

28



E. Belhannache CHAPTER 2. ELEMENTARY COMPLEX-VALUED FUNCTIONS

2)
arccosz = 110 (z + i(l - zz)%)
i 8 ‘

Proof. Exercise. m

Definition 2.6.2 e The principal value of the complex arcsine function is defined by
; 1 ; 203 iAr (1-2%)
Arcsinz = ?Log (12 + |1 -z | ez )
o The principal value of the complex arccosine function is defined by

1 1
Arccosinz = ?Log (z +i |1 - z2|2 ezArfi(l—zz)),

Proposition 2.6.2 1) arcsinz + arccosz = 1 log 1.

2) Arcsinz + Arccosz = %

Proof.

I
oW _p—iw

2 7

1) Letz=sinw = then by letting v = ¢ we obtain

> —2izv—1=0,

hence
v=1iz+ V1-22
then
; ; i\-iz+ V1-22
i = ! = ( ) =z+1V1l - Z2,
U gz 4+ V122 (iz+ 1—22)(—iz+ 1—22)
Therefore,

arcsinz+arccosz—1(lo v+ lo (i))—l(lo (Z)Xi))—llo i
B R 5 Rl L CR ARy ) Rt
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2) From the Definition 2.6.8 we have

1 1
Arcsinz + Arccosz = —Log( )+ Logv
1 i
= —|L Log— +iA Arg |-
1,( oglo| + Oglvl + iArgo + i rg(v))
= Argu+ Arg (%)
On the other hand we have

v=iz+ /[l - 22et(17) and = =z 4 i1 - 2fert(1-2),

then

1
Re(+iz) = FImz, Rev = —Imz + /|1 — 22| cos (EArg (1 — z2>),
1 1
Re (5) = Imz + /|1 — z?| cos (EArg (1 — zz)).

We know that the sign of the real part of any complex number z is the same as the

sign of the real part of 1, then we can easily prove that Rev > 0, hence

Argo + Arg(%) =Argi = -

Definition 2.6.3 1) The complex arctangent function is the solution to the equation

sin w

z=tanw = .
cosw

2) The complex arccotangent function is the solution to the equation

CcCosw

z=cotw = — .
sinw
Proposition 2.6.3 1)

arctanz = llo (1—2)
T 2i & 1+z

2)

arccotz = llo (Z+l)
T 2i 8 z—1
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Proof. Exercise. m

Definition 2.6.4 e The principal value of the complex arctangent function is defined by

1 i—z
rcranz 5 Og Faps

o The principal value of the complex arccotangent function is defined by

1 Z+1
rccotz o 0g S

Proposition 2.6.4 1) arctanz + arccotz = 5 +km, k € Z.

3 Rez >0

-2, Rez<0.

2) Arctanz + Arccotz =

Proof. Exercice. m

Definition 2.6.5 1) The complex inverse hyperbolic sine function is the solution to the equation
W _ oW

2

z =sinhw =

2) The complex inverse hyperbolic cosine function is the solution to the equation

ev +ev
2

z =coshw =

Proposition 2.6.5 1)
1
arcsinhz = log (z + (1 + 22)2).

2)
1
arccoshz = log (z + <22 - 1)2).

Proof. Exercise. m

Definition 2.6.6 e The principal value of the complex inverse hyperbolic sine function is
defined by

1 i
Arcsinhz = Log (= + 1+ 2| e20(+2)).
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o The principal value of the complex inverse hyperbolic cosine function is defined by

L
Arccoshz = Log (z + |Z2 - 1'2 ezArg(zz_l))_

Definition 2.6.7 1) The complex inverse hyperbolic tangent function is the solution to the

equation
sinh w
coshw’

z=tanhw =

2) The complex inverse hyperbolic cotangent function is the solution to the equation

cosh w
sinhw’

z =cothw =

Proposition 2.6.6 1)

arctanhz—llo (ﬁ)
~2%\1%)

2)

z+1)

1
thz = =1 (
arccothz og| =7

2

Proof. Exercise. m

Definition 2.6.8 e The principal value of the complex inverse hyperbolic tangent function is

defined by

1+z)

1
Arctanhz = ELOg(l —

e The principal value of the complex inverse hyperbolic cosine function is defined by

Arccothz = %Log(z i 1) .

z—-1
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