Numerical sequences and series

1 Numerical Sequences

Definition 1 A sequence of real numbers (or a sequence on R) is a function defined on the
set N of natural numbers whose range is contained in the set R of real numbers, i.e:

u:N — R

n o u, =un).

This application is denoted in index form:
(un)nEN or (Un)nzo-

1
Example 1 The formula u, = — defines a sequence whose first terms are: u; = 1, us =
n

1 1

éa U3:§,"'

Definition 2 (Operation on sequences) We define the following laws on the set of se-
quences:

1. (un)nEN + (Un)nGN = (un + Un)nEN-

Example 2

n+1 1 n+1 1 n+ 2
n nEN* N/ pens n N/ pens N/ phenx

2. )‘(un)neN = (Aun)neN-

4(n+1) _(4(n+1)) _<4n+4)
n neN* n neN* n neN*

3. (un)nEN(Un>n€N = (unvn)neN-

Example 3
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Example 4

(n—i—l) (1) _(n—i—l 1) _(n+1>
N /) pens \"/ pen+ no N/, en n? /) en-

4.M:(%> , v, #0, Vn eN.
neN

(Un)neN Un,
Example 5
(n + 1) n+1
n n *
1 €N — 7{‘ e (’]”L + 1)TL€N*'
(5) neN* n nenN*
1 1
5. :(—> , u, #0, VneN.
(un)nEN Un, neN
Example 6
1
= = (n)neN*~

S|~

neN*

N =
(5.0
Definition 3 (Bounded sequences)
o We say that (uy)nen is bounded above < 3 M € R, Vn e N: u, < M.
o We say that (uy)nen is bounded below < I m e R, YneN: wu, >m.
o We say that (uy)nen is bounded < (up)nen is bounded below and above in the same time.

1
Example 7 Consider the sequence (up)nen, such that: u, = —. Then, u, <1, for all n € N*.
n

Thus, (un)nen s bounded above by 1.
On the other hand, u, > 0, for all n € N*. Then, (u,)nen s bounded below by 0.
Therefore, 0 < u, < 1, for all n € N*. (uy)nen s bounded.

Proposition 1 The sequence (uy)nen s bounded < 3 M € R, Vn e N: |u,| < M.

Example 8

1. The sequence ((—1)")pen is bounded:

VneN: |(-1)"|=1<1.

2. The sequence (sin(n))nen is bounded:

VneN: |sin(n) <1.

2
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Definition 4 (Monotonic sequences)
o We say that (u,)nen 1S increasing (strictly increasing) if:

VneN: u,1—u, >0, VneN: wup —u, >0).

o We say that (un,)nen 1S decreasing (strictly decreasing) if:

VneN: wu,—u, <0, VneN: w1 —u, <0).

o We say that (un)nen is monotonic if it is increasing or decreasing.

Example 9
1. Letu, =n+1, Vn e N. Then,

Upt1 —Up=(N+2)—(n+1)=n+2—-n—-1=1>0.

Thus, (un)nen 18 strictly increasing.

1

2. Letu, =14+ —, Vn &N Then,
n

1 1 1
n+1 n n(n+1)

un+1_un:1+

Thus, (un)nen 18 strictly decreasing.
Definition 5 (Limits, convergent and divergent of sequences)
o We say that (u,)nen s convergent to l € R, if
Ve>0,3peN, Vn>p: |u, 1| <e

and we write: lim =1 or wu, — L
n—-+o0o n—-+00

o [f there is no real number | satisfying the above property, we say that the sequence 1is
divergent.

1
Example 10 The sequence u, = —, for all n € N* is convergent to 0.
n

Proposition 2 If (u,)nen has a limit, then this limit is unique.
Theorem 1 Let (u,)nen be an increasing (resp. decreasing) sequence. Then,

(Un)nen s convergent <= (up)nen 5 bounded above (resp. bounded below).

Example 11 Let u, = RUREE which is decreasing and bounded below by 0. Then, (up)nen IS
n

convergent.
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Theorem 2 Let (up)nen and (vy)nen be two sequences converging to 1 and I' respectively, i.e:

lim w, =1 and lim v, =1.
n—-+o0o n—-+o0o

e The sequence (u, + v,) converges to l + 1.
o The sequence (u, X v,) converges to l x I
o The sequence (Auy,) converges to N, A € R.
e The sequence (|uy,|) converges to |l|.

1

1
Vn €N, u, #0 and | # 0, the sequence (—) converges to 7

If (uy,) converges to l and u, > 0, then [ > 0.

If (uy,) converges to l and u, <0, then [ < 0.

1.1 Convergence Theorems

Theorem 3 (Comparaison Rule)

o Let (Un)nen and (vy)nen be two convergent sequences, such that¥Vn € N : w, < v,. Then,
lim u, < lim v,.

n—-+o0o n—-+00

o Ifu, <wv,, VnéeN. Then, lim u, =400 = lim v, = +oc.

n—-4o00 n—-+4o0o

Theorem 4 (Gendarme Theorem) Let (up)nen, (Vn)nen and (wy)nen be three sequences,
such that

VneN: u, <w, <wv, and lim wu,= lim v,=10¢cR.
n—-4o00 n—4o0o

Then, (wy)nen 18 convergent and we have:

lim w, =1.
n—-+o0o

1.2 Specific sequences
(a) Constant sequences: The sequence (uy),ey is constant if
Vnee N: U, = Uy
(b) Arithmetic sequences: The sequence (u,)nen is said to be arithmetic sequence if there

exists r € R, such that
VneN: u, 1 =u, +r.

The general term of the sequence can be obtained based on its first term uy and 7r:
Uy = Ug + N7
The sum of the first n term of the sequence is given by:

n—1
n
Sn:uo+u1—|—u2+~-+un,1:Zuk:§(u0—|—un).
k=0

4
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(c) Geometric sequences: The sequence (u,),en is said to be geometric sequence if there
exists ¢ € R, such that
VneN: U, = quy,.
The general term of the sequence can be obtained based on its first term wug and ¢:
Uy, = Ugq".
The sum of the first n term of the sequence is given by:

n—1 n—1
1— g™
Sn:u0+u1+u2+~--+un,1:ZukZUOquzug 1_qq'
k=0 k=0

2 Numerical Series

2.1 Real term series

Definition 6 Let (u,)nen be a real sequence, we put
n
Sn:uo+u1+---+un:Zuk.
k=0

To study the series of general term w,, is to study the sequence (S,).
(Sn) is called the sequence of partial sums of the series.

Notations: A series of general term u,, is noted by:

(=) o (x)

Definition 7 A series of general term w, is said to be convergent if the sequence (Sy)n is
convergent.
In this case, the limit of the sequence (Sy), is called the sum of the series and we note:

(a) Convergence:

+oo
lim S, = g Uny-
n——+oo

n=0

A series that is not convergent is said to be divergent. On the other words, if we note:

[ = lim S,, then we have
n—-+00

(Z un> 1s convergent towards | <= lim S, =1,

n—+o00
n>0
which 1s equivalent to

Ve>0,dpeN, VneN n>p=1S, -] <e.

5
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Example 12

1. Geometric series: the general term has the form w, = aq", a # 0. Then,

S, = uwt+utupg+--+u,=a+aqt+ag®+---+aqg" =a(l+q+q¢+---q")

1— n-+1
a—t g#1
an+1),a g=1.

To calculate lilf Sp we get 3 cases:
n—-+0o0

e Ifg=1: lim S, =400, then (S,), is divergent.

n—-+o0o

o [f-1<qg<1, liril S, = %, then (Sy)n is convergent.
n——+0o0

o Iflgl>1: liril S, = —00, then (Sy), is diveregent.
n—-—+0oo

1
———, n > 1. We can write (uy), like: u, = — — .
n(n+1) n n+1
Then, the partial sum of the series is given by:

" /1 1
Su = Z(rm)

2. The general term series u, =

k=1
1 1 1 1 1 1 1 1 1 1 1
- (1-2= -z )4 _ _ = z_
( 2)+<2 3>+(3 4)+ +<n—2 n—1)+<n—1 n)+(n n+1)
1
N _n—l—l'
Then,
1

) =1.
Thus, (D> uy)y, is convergent.

Proposition 3 Let (> u,)n, and (D> v,)n are two series. We assume that these two series
differ only by one finite number of terms (i.e; 3 p € N, ¥Yn > p, we have u, = v,), then
O un)n and (3" v,)n are of the same nature (convergent or divergent).

Remark 1 The above proposition allows us to say that the series are of the same nature but
i the case of convergence, they do not necessarily have the same sum.

Proposition 4

o (> un)y is convergent = lim w, = 0. The receprocal is false; (i.e; lim w, = 0 #
n—+o00 n—+o00

(> un)n is convergent).

e lim w, #0= (D u,), is divergent.

n—-+o00
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1 1 1
Example 13 Let u, = —, n > 1, we have lim — = 0, but (>_ —) is divergent (harmonic
n n

n—+oo N,
series).

(b) Operations on series:

Theorem 5 Let (> up), and (> v,), be two series. Then, we have the following properties:

o If (O uy)n is convergent to Sy and if (> v,), is convergent to Sy. Then, (D> u, + vn)n
s convergent to Sy + Ss.

o If (O un)n is convergent to Sy and if a € R, then, (D auy,), is convergent to aS.
o If (O un)n is convergent and (> vy,), is divergent, then (D u, + vy,), is divergent.
o If (O un)n and (O vy, are divergent, then we can’t conclude anytying about the nature
of the series (D up + Vp)n-
2.2 Positive term series

Definition 8 A series (Y uy)n is called a series with positive terms if u, > 0, for all n € N.
Proposition 5 Let (> uy,), be a series with positive terms, then
(Z Up)n 1S convergent <= (S,)n is bounded above.

Theorem 6 (Comparaison Rule) Let (> u,), and (D v,), be two series with positive
terms. Suppose that: 0 < u, <wv,, Vn € N. Then,

o (> vy, is convergent, then (Y uy)n is convergent.

o (O uy), is divergent, then (> vy,), is divergent.

T oo 1 1 1 1
Example 14 Let Y u, = > sin(z—n). We have: 0 < sin(2—n) < o and since () Q—n) is a
n=0 n=0
1 1
geometric series with q = 3 Then, it is convergent, thus (> sin(2—n)) is convergent.

Theorem 7 (Logarithmic comparaision Rule) Let (> w,), and (D v,), be two series

Un+1 Un+1
< . Then,
n UTL

with strictly positive terms. Suppose that

o (> vy, is convergent, then (Y uy), is convergent.
o (O uy), is divergent, then (> v,), is divergent.

Theorem 8 (Equivalent criteria) Let (> uy,), and (> v,), be two series with strictly pos-
itive terms. Suppose that: lim Un [, such that 1 # 0 or | # +oo. Then, (> u,), and

n—+o0o0 Uy,
(> vn)n have the same nature.
If u, ~ v, (i.e; lim o _ 1), then (> up)n and (> v,)n have the same nature.

n—-+oo Un,
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Example 15

1

1 1 w4

1. Let u, =In(l+ —) and v, = —. We have: lim — = lim ———*=— =1.
on on n—+o0o U, n—+4o0o 1

n

2n
1 1
Since (D 2—n) is convergent (geometric sereis), then (Zln(l + 2—n)> is also convergent.

L

In(1+ —
1 no—1.

1 1 n .
2. Let u, = — and v, = In(1 + —), we have: lim U — im
n n n—-4o00 Un, n—+400

S 4

1 1
Since (> —) is divergent (harmonic sereis), then (Zln(l + —)) is also divergent.
n n

Convergence usuelle rules:

Definition 9 (Riemann series) We called a Riemann series a series with positive terms
1

(>> —), where a € R.
nOé

n>1

Theorem 9

1
—) I <= a>1
(; n"‘) is convergen a

1
—) s di t <= a<l
(Z no‘) is divergen a <

n>1

Proposition 6 (Riemann Rule) Let (> wu,) be a series with positive terms and o € R,
n>1

such that lim n%u, =1 € R.

n—-4o0o

e [fl=0and a > 1, then (> uy,) is convergent.

n>1

o [fl=+400 and a <1, then (> uy,) is divergent.

n>1

1
o If1#0 andl # +oo, then (3 u,) and (3 —) have the same nature.

n>1 n>1 "N

Then, lim n’u, = lim

1 1
NCEIARE =0.Th —_
n?1In(n) n—s+o0 n—-+oo In(n) b (n; n? ln(n))
18 convergent with o = 2 > 1.

Example 16 Let u, =

Proposition 7 (D’Alembert Rule) Let () u,) be a series with strictly positive terms, such

n>1

that lim Untl _ [ e R.

n—-+4o0o Uy,
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o Ifl <1, then (> uy,) is convergent.

n>1

o [fl>1, then (> u,) is divergent.

n>1

e Ifl =1, then we can’t say anything.

Example 17
1 n ) 1 1y
1. Let u, = —, then lim Untl _ lim =0< 1. Then, | >, — | is convergent.
n! n—+o0o Uy, n—+oon + 1 a1 !
n n 1)+t pl 1\"
9 Letw, = ™ Then, lm L — qpg EDTRL (P o
n! n—+oo U, n—stoo  (n4 1)1 n» n—+00 n

Thus, (Z n_‘) is divergent.

n>1 n.

Proposition 8 (Cauchy Rule) Let (Y u,) be a series with strictly positive terms, such that
n>1
lim = ¢/up = lim (u,)* =1 €R.

n—-+o0o n—-+o0o

o [ <1, then (> uy,) is convergent.
n>1

o [ > 1, then (> uy,) is divergent.

n>1

o [ =1, then we can’t say anything.

1 n
Example 18 Let u, = (3 + —4> , V' ne N Then,
n

1
lim u, = lim (3 + —4) =3> 1.
n

n—-+0o n—-+o0o

Then, (> uy) is divergent.

n>1

Dr. Kicha Abir
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