Double and triple integrals

1 Double integrals

Definition 1 Let f : D — R be a function defined on D C R%. The integral over D of f is
called a double integral and we denoted by:

/ /D = /D F (@, y)dady.

Theorem 1 (Fubini’s Theorem) Let f: D — R be a continuous function.

1. Case 1: where D = [a,b] X [c,d], a < b and ¢ < d. Then,

//Df(a:,y)dxdyZ/ab </Cdf(:r,y)dy) dx:/cd (/abf(x,y)dx) dy.

2. Case 2: where D = {(z,y) e R? :a <z < b; u(z) <y <wv(zx)}, where u,v: [a,b] = R
are continuous functions. Then,

[ [ st aaas= [ ( / (()) f<sc,y>dy> .

Proposition 1 If f(x,y) = g(x)h(y) with D = [a,b] X [c,d], where a < b and ¢ < d, then

JERCYETE ( / bg(az)dw) ( / dh(y)dy).

Example 1 Calculate the following integral:

I= // zydzdy, where D =[1,2] x [3,5].
D

= () (o) 1

Then,
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Or,

2 /95
:/ ———>xdx
L \2 2
1 2
= 8{—:152 =12
2 1

Proposition 2 Let D C R2.

1. Area (D): If f(x,y) =1, then

arca(D) = [ [ dody

2. Positivity: If f(z,y) >0, for all (x,y) € D. Then,

/ /D F (&, y)dzdy > 0.

3. Linearity: for all \,v € R, we have

//D(Af(x,y)+ug(x,y))dxdy=A//Df(x,y)dxdy+u//Dg(x,y)dxdy.

4. Monotonic: Ig f(x,y) < g(x,y), for all (z,y) € D. Then,

//Df(x,y)dxdyé//Dg(x,y)dxdy.

Exercise 1 Calculate the following double integrals:

1. ]://dxdy, where D = {(z,y) e R?: 0<x <1, —2<y<—1}.
D

2. 1= /2/ <sin(x+y) + cos(z — 2y)>dxdy.
o Jo

2 3,9
3. ]:/ / w—dxdy.
1 J2 Y
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2 'Triple integrals

Definition 2 Let f : V — R be a function defined on V C R3. The integral over V of f is
called a triple integral and we denoted by:

///Vf://vf(%%z)dmdydz.

Theorem 2 (Fubini’s Theorem) Let f: V — R be a continuous function.
1. Forme 1: case where V = [a,b] X [¢,d] X [s,t], a <b, ¢ <d and s <t. Then,

///Vf(x,y,z)dxdydz = /j [/: (/S:f(m,y)dz> dy] dz
< [ ([ o) ]

2. Forme 2: case where V = {(z,y,2) € R®: (z,y) € Q, u(z,y)
is the orthogonal projection of V on (OXY'). Then,

[ [ s dmdydz_//(/j )dmy,

}, where Q(z) is the

w(z,y)}, where Q

3. Forme 3: case where V = {(z,y,2) e R : s <2 <t, (x,y) €
intersection of V with z = cte. Then,

///Vf(x,y, 2)dzxdydz = /St (/ o f(:l:,y,z)d:vdy) dz.

Exercise 2 Calculate the following triple integrals:

1. ]—///x—y—i—?zdwdydz

where V ={(z,y,2z) eR*: 0<2 <1, 0<y<3, 2<2<3}.

2. I—///x — 2yz)dxdydz,

where V ={(z,y,2) eR*: 0<2 <1, 1<y<2 2<z<3}.

3. 1= // —dxdydz where V= 10,1] x [0,1] x [1,2].

Dr. Kicha Abir



	Double integrals
	Triple integrals

