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Introduction

Complex-valued functions of a complex variable are harder “to visualise” than real-
valued functions of a real variable. This course focuses on the study of functions of
a complex variable, as well as the fundamental theorems associated with this type
of functions. It is prepared for second-year undergraduate students in Physics. The
course contains five chapters.

In chapter one, we start by giving the fundamental structure of complex numbers and
their basic properties, then we introduce the notion of complex-valued functions of
a complex variable. The third section of the chapter is devoted to holomorphic and
harmonic functions. We end the chapter by giving some exercises.

Chapter two is devoted to some elementary complex-valued functions: Complex ex-
ponential function, complex trigonometric functions, complex hyperbolic functions,
complex logarithmic function, complex power function, inverse trigonometric and hy-
perbolic functions. We end the chapter by giving some exercises.

Chapter three deals with fundamental theorems about complex-valued functions. We
start by introducing the notion of complex integration. After that, we present the
Cauchy integral formula, Taylor and Laurent series and zeros and singularities of holo-
morphic functions. We end the chapter by giving some exercises.

In chapter four, we start by introducing the notion of residue of a complex-valued
function at a singular point z;, then we present Cauchy’s residue theorem and show
how we can apply this important theorem to compute some real integrals. We end the
chapter by giving some exercises.

In chapter five, we present Liouville’s theorem, the maximum modulus principle,

Rouché’s theorem and we end the chapter by giving some examples about calculus of
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integrals by using the residue theorem.



Notations

The following notations will be used in this course.
R the set of real numbers.

R, the set of positive real numbers.

R}, the set of nonzero real numbers.
R?*=RXxR.

N the set of naturel numbers.

Z. the set of integers.

i the imaginary unit, # = —1.

C the set of complex numbers.

C* the set of nonzero complex numbers.

R (z) the real part of a complex number z.

J(z) the imaginary part of a complex number z.
[a,b] ={xeR,a<x<b},a,beR, a<b.
la,b[={xeR,a<x<b},a,beR,a<b.

I(y) the interior of a closed curve y.

li<rn the left limit.

Er);({ the right limit.

tL_();) the length of y.

{zn}hop @ complex sequence.

+0o

Y.z, a series of complex numbers.
n=0



Chapter 1

Holomorphic functions

In this chapter, we start by giving the fundamental structure of complex numbers and
their basic properties, then we introduce the notion of complex-valued functions of
a complex variable. The third section of this chapter is devoted to holomorphic and

harmonic functions. We end the chapter by giving some exercises.

1.1 Complex plane

Definition 1.1.1 A complex number is a number z of the form z = x + iy where x, y € R.
Ifz=x+1y, x,y € R, then x = R(z) is the real part of z and y = J(z) is the imaginary part of

Z.

Remark 1.1.1 1) RcC.

2) Two complex numbers are equal when their real and imaginary parts are equal, that is

z1 = X1+ i1 = 2o = Xp + iy, if and only if x1 = X, and y, = ya.

3) Every complex number z = x + iy can be considered as a point M(x, y) on the cartesian

plane. See Figure 1.1
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Y

M(3,2)

Figure 1.1: The complex number z = 3 + 2i is considered as the point M(3, 2).

Definition 1.1.2 Let z; and z; be two complex numbers such that z; = x; +iy;, x;, y; € R, j =

1,2
1) The addition of z, and z, is the complex number z given by
z=2z1+2p = (x1 + x2) +i(y1 + Y2).
2) The subtraction of zy and z, is the complex number z given by
z=21—2p = (x1 — x2) + i(y1 — Y2).
3) The multiplication of z1 and z, is the complex number z given by
z =21.Zp = (X1X2 — Y1l2) + i(y1X2 + X112).

4) The division of z1 by z, where z, # 0 is the complex number z given by

Z1 XX +YiYo  Y1Xo — X112
T T 2.2 Y
Zn x5+ Y, x5+ Y,

Proposition 1.1.1 Let z; = x; +iy;, xj,y; € R, j = 1,2,3 be complex numbers. Then

a) z1+2zp = zp+z1and z1.zy = zp.z1, that is the addition and the multiplication are commutative.
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b) (z1 + z2) + 23 = z1 + (22 + z3) and (z1.22).23 = z1.(22.23), that is the addition and the

multiplication are associative.
©) z1.(z2 + z3) = z1.20 + z1.23, distributivity of multiplication over addition.

Definition 1.1.3 Let z = x + iy, x,y € R be a complex number. The conjugate of z is the

complex number given by z = x — 1y.

Proposition 1.1.2 Let z, z; and z, be complex numbers. Then
1) z =Zifand only if z € R.

2) z=—-Zzifandonly ifz =iy, y € R.

3) z1+z,=z1+zand zy — 2o = 21 — Zo.

4) z1.z5 = z1.2; and (i—;) = % ifz, # 0.

5) Z=z

Proposition 1.1.3 Let z = x + iy, x,y € R be a complex number and let z be its conjugate.

Then z +z = 2R(z) and z — z = 2i3(z). That is

zZ+2z z—2Z
5 and 3(z) = T

R(z) =

Remark 1.1.2 A complex number z = x + iy, x, y € R can be considered as a vector from the

origin O(0,0) to the point M(x, y). See Figure 1.2

Definition 1.1.4 Let z = x + 1y, x, y € R be a complex number. The modulus of z is the real

number |z| = \/m

Proposition 1.1.4 Let z, z1, z, be complex numbers and let z be the conjugate of z. Then
1) |z| > 0and |z| = 0 if and only if z = 0.

2) |z| = Vzz

3) |zl = [z].
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M(-2,3)

Figure 1.2: The complex number z = —2 + 3i is considered as the vector from the origin

O(0, 0) to the point M(-2, 3).

= ll 22;&0.

T el

4) |z1.22| = lzallza] and |2
5) |z1 + 2| < |z1| + |z2l, (the triangle inequality).

6) l|z1] — Izl < |z1 — zal.

Definition 1.1.5 Let z = x + iy € C*. The number z can be expressed in trigonometric (or
polar) form as

z = r(cos 6 + sin 0),

where v = |z| = \/x% + y? and O is a real number such that
cosf = E, sinf = g, that is 6 = arctan(%).
r r X
o The number O is called an argument of z and we write O = arg(z).
o We denote by Arg(z) the principal value of arg(z) and it is defined as the unique value of
arg(z) such that —m < arg(z) < m.
Remark 1.1.3 a) arg(z) is the angle measured in radians that the vector corresponds to z makes
with the positive real axis.

b) The arqument of z = 0 is not defined.

10
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z M(z,y)

Proposition 1.1.5 Let z; and z, be two nonzero complex numbers. Then

1) arg(zi.zz) = arg(z1) + arg(zy), (as a set equality).

2) arg (2—;) = arg(z1) — arg(za), (as a set equality).

Definition 1.1.6 Let z = x + iy € C. The exponential of z is defined by
e“ =¢'(cosy +isiny).

Proposition 1.1.6 Let z1,z, € C. Then

1) 1t = papa,

el _ -z
2) Z—el 2,

Remark 1.1.4 1) Ifz =iy, y € R, then we have the formulas of Euler

e¥ =cosy+isiny.

2) Forevery y € R, we have

eV + e el — e

cosy=—oj and siny = %

Definition 1.1.7 Let z = x + iy € C*. The number z can be expressed in exponential form as
z = re'® where r = |z| and O = arg(z2).

Proposition 1.1.7 Let z; = r1e'% and z, = r,e'% be two nonzero complex numbers. Then

11
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10, i(@l +92)

(1) z1.2p = 1191109 = ry1rpe

sy oz el o i0,-6,)
(i1) 2 =l = 5,C )

(iii) The conjugate of z = re’® € C* is given by z = (rei®) = re™?.
Proposition 1.1.8 (De Moivre’s formula) Let 6 € R and n € IN, then
(cos O +isin )" = cos(nO) + isin(nb).

Corollary 1.1.1 Let z = re'® be a nonzero complex number where r = |z| and 6 = Arg(z). Then

the n distinct roots of z are given by

Zx = (r)%eigfkn = (r)% (cos(6 +n2kn) + isim((9 +n2k71))’ k=0,1,...,n—-1,n € IN*.

Definition 1.1.8 Let zy € C and r € R}.

1) The set B(zo, 1) = {z € C, |z — zo| < r} is called the open disk centered at zy with radius r.
2) The set B(zo, 1) = {z € C, |z — zo| < 1} is called the closed disk centered at zy with radius r.
3) The set C(zg,r) =1{z € C, |z — zo| = r} is called the circle centered at zy with radius r.

4) The set B(0,1) = {z € C, |z| < 1} is called the open unit disk.

5) Theset C(0,1) = {z € C, |z| = 1} is called the unit circle.

Remark 1.1.5 B(zo, 1) is also called the r—neighborhood of z or a neighborhood of z.

Definition 1.1.9 Let A be a subset of C and let zy € A. We say that z is an interior point of A

if there is a neighborhood of z, that is completely contained in A.

Example 1.1.1 1) Let A be the right half-plane, that is A = {z € C, R(z) > 0}, then zg = 3 is

an interior point of A.
2) Every point z in the open disk B(zy, ) is an interior point of B(zo, 7).

3) Let A = B(0, 1), then every complex number z such that |z| = 1 is not an interior point of A

and every complex number z such that |z| < 1 is an interior point of A.

12
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Figure 1.3: The closed disk B(zo, 1)

Definition 1.1.10 Let A C C be a subset. We say that A is an open set if every point of A is

an interior point of A.
Example 1.1.2 C and 0 are open.

Definition 1.1.11 Let A C C be a subset and z, € C.

o We say that z, is an exterior point of A if there is some neighborhood of z, that does not

contain any points of A.

o We say that z is a boundary point of A if every neighborhood of z, contains at least one point

of A and at least one point not in A.

o We denote by dA the set of all boundary points of A and it is called the boundary (or frontier)
of A.

Definition 1.1.12 Let A C C be a subset. We say that A is closed if it contains all of its
boundary points, that is dA C A.
The set AU JA = A is called the closure of A.

Example 1.1.3 1) C and 0 are closed.

13
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Figure 1.4: The open disk B(zo, r)

2) The closed disk B(zq, ) is closed and it is the closure of the open disk B(z, ).

3) The circular annulus A = {z € C, 11 < |z| < 1o} where 11,1, € R is neither open nor closed

and its boundary is given by dA = {z € C, |z =} U {z € C, |z| = r1}.

Remark 1.1.6 Let A be a subset of C. Then, A is open if and only if its complement Ag =
{z, ze Cand z ¢ A} is closed.

Definition 1.1.13 Let A C C be a subset and z, € C. We say that z, is an accumulation point

(or limit point) of A if every neighborhood of z, contains infinitely many points of A.

Remark 1.1.7 Let A be a subset of C. Then, A is closed if it contains all of its accumulation

points.

Definition 1.1.14 Let A be a subset of C. We say that A is bounded if there exists a positive
real number M such that |z| < M, Yz € A.
If A is not bounded, we say that A is unbounded.

Definition 1.1.15 Let A be a subset of C. We define the diameter of A by

diam A = sup |z — w|.
z,WEA

14
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Figure 1.5: The circle C(zy, r)
Remark 1.1.8 It is clear that a subset A is bounded if and only if diam A < +oo.

Theorem 1.1.1 (Bolzano-Weierstrass) Let A be an infinite bounded set of complex numbers,

then A has at least one accumulation point.
Definition 1.1.16 Let A be a subset of C. we say that A is compact if it is closed and bounded.
Example 1.1.4 The closed disk B(zo, 1) is compact but the open disk B(z, r) is not compact.

Definition 1.1.17 1) Let z1,z, € C. The set [z1,z2] = {z€ C, z= (1 —t)z1 + tz,, t € [0, 1]}

is called the line segment joining z; and z,. See Figure 1.6

2) Let z1,2,...,2u+1 € C and let I be the line segment joining zy and zx1, k € {1,2,...,n}.
The successive line segments 11,15, ..., 1, from a continuous chain is called a polygonal

path joining z; to z,41. See Figure 1.7

Definition 1.1.18 1) Let A be an open subset of C. we say that A is connected if every pair of
points z1,z, € A can be joined by a polygonal path that lies entirely in A.

2) A domain is an open connected set.

Example 1.1.5 See Figures 1.8, 1.9 and 1.10.

15
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z1

Figure 1.6: The line segment [z;, 2, ]

Figure 1.7: A polygonal path joining z; to z;
Example 1.1.6 The open disk B(zy, r) is a domain.
Definition 1.1.19 A region is a domain together with some, none, or all of its boundary points.

Definition 1.1.20 Let A be a subset of C. We say that A is convex if each pair of points

21,22 € A can be joined by a line segment [z1,z>] such that every point in [z1,z] lies in A.
Example 1.1.7 Open disks and closed disks are convex.
Remark 1.1.9 1) If A and B are two convex sets, then A N B is also convex.

2) If A is a convex set, then it is connected.

1.2 Complex-valued functions

Definition 1.2.1 Let E be a subset of C. A complex-valued (or complex-valued of a complex

variable) function f from E to C is a rule that assigns to each z € E a complex number w € C

16
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Figure 1.8: Connected

Figure 1.9: Connected

and this w is called the value of f at z.

The set E is called the domain of f and the set {w € C, Iz € E, w = f(z)} is called the rang of f.

Definition 1.2.2 Let E be a subset of C and let f : E — C be a complex-valued function.

1) We say that f is single-valued if for each element z € E, f assigns one and only one value

w = f(z).

2) We say that f is multi-valued if for each element z € E, f assigns a finite or infinite
non-empty subset of C.

3) Wesay that f is periodic in E if there exists a constant T € C such that f(z+T) = f(z), Vz € E

and in this case, T is a period of f.

17



E. Belhannache Holomorphic functions

7

Figure 1.10: Not connected

Example 1.2.1 a) The function f : C — C defined by f(z) = iz, Vz € C is single-valued.

b) The function f : C — C defined by f(z) = arg(z), Yz € C is multi-valued.

Definition 1.2.3 Let f : E — C be a multi-valued function. A branch of f is any single-
valued function h : D C E — C, that is continuous on D and at each point z € D, it assigns

one of the values of f(z).

Definition 1.2.4 Let E C C, f : E — C be a complex-valued function and z = x + iy € E,
then the value of f at z can be written as w = f(z) = f(x +iy) = u(x,y) + iv(x, y) and u is

called the real part of f and v is called the imaginary part of f.

Example 1.2.2 (i) The domain of the function f defined by w = f(z) = z* + 5z is C and for all
z = x+iy, x,y € Rwehavew = f(x+iy) = x>—y>+5x+i(2xy+5y), then the real part of f
is the function u : R*> — Rdefined by u(x, y) = x>~ y*+5x, V(x, y) € R®. The imaginary
part of f is the function v : R* — R defined by v(x, y) = 2xy + 5y, ¥Y(x, y) € R%

(ii) The domain of the function f defined by w = f(z) = |z| is C and it is clear that f is a
real-valued function, then the real part of f is the function u : R> — R defined by
u(x, y) = x2 + 2, Y(x,y) € R? and the imaginary part of f is v = 0.

Remark 1.2.1 From now on, We use the term “complex-valued function” to refer to single-

valued complex function.

18
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Definition 1.2.5 Let zy € C and let f be a complex-valued function defined in some neighbor-

hood of zy. We say that f has a limit wy as z approaches zy if we have
Ve>0,36>0, |z— 2zl 6= [f(2) —wo| <e.

In this case we write lim f(z) = wy.

z—2)

Example 1.2.3 1) Let f be the function defined by f(z) = 8z + 1, Yz € C. We will prove that
lim f(z) = =7 + 8i. Let zp = =1 + i and wy = =7 + 8i. We have

z—i—1

|f(@) - wo 18z +1 — (=7 + 8i)|

8lz—(-1+1)],

hence,

Ve >0, 35=§>o, 2 — 20l <6 = |f(2) —wo| < &.

2) Let f be the function defined by f(z) = 22, Vz € C \ {2i}. We will prove that lim f(z) = 4i.

z—2i7 73D
Let zo = 2i and wy = 4i. We have

72+ 4 i'
z—2i
= |z-2i,

|f(z) - wo|

hence,

Ve>0,46=¢e>0,|z—2)| <0 = |f(z)—w0| <e.
Theorem 1.2.1 Let f : E — C be a function defined by

f(z) = f(x+iy) =ulx,y) +iv(x,y), Vz=x+iy € E
and let zg = xo + 1Yo, Wy = g + Vg, Xo, Yo, Uo, Vo € R. Then

lim  u(x,y) =up
(%)= (x0,40)

Zli_r)?f(z) =Wy &4 and

lim  o(x,y) = .
(¢ y)—(x0,%0)

Proposition 1.2.1 Let E C C, zy € E and let f,g : E — C be two complex-valued functions.

Suppose that each function has a limit as z approaches zy. Then

19
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1) lim(f(2) + 9(2)) = lim f(2) + limg(z).
2) lim(f(g(2)) = (}g})f(Z))(}igog(Z)).

m f(z)

Z—>ZO

@ _
2) If l1mg(z) # 0, then hmjgr ® = T

Remark 1.2.2 We use the notation z — oo if we have |z| — +co.

Definition 1.2.6 Let zp,wy € C and let f be a complex-valued function defined in some

neighborhood of z,.
1) We say that lim f(z) = oo if we have

Ya>0,36>0, |z—2| <0 = |f(z)| > a.
2) We say that Z11_)1051o f(z) = wy if we have

Ve>0,36>0, |z > = |f(z) —wol| < e.
3) We say that Z11_)103o f(z) = oo if we have

Ya>0,3>0, |z| > p = |f(2)] > a.

Example 1.2.4 1) Let f(z) = £, then lim f(z) = 1

5z—-27

2) Let f(z) = 5517, then hm f(z)

Definition 1.2.7 Let E C C, zp € Eand f : E — C be a complex-valued function.
o We say that f is continuous at zy if lim f(z) = f(zo).

Z—00
o We say that f is continuous on E if it is continuous at each point of E.

Example 1.2.5 The following complex-valued functions are continuous on C.
& [:C—C, f(z) = R(2).
#79:C—C gz)=2"+2z-3.

20
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Remark 1.2.3 Let EC C, zp = xo +iyo € Eand let f : E — C be a complex-valued function
such that f(z) = u(x, y) +iv(x,y), Yz € E. Then f is continuous at z, if and only if u and v are

continuous at (xo, Yo)-

Proposition 1.2.2 Let E C C, zy € Eand let f,g : E — C be two complex-valued functions.

If f and g are continuous at zy, then f + g, fgand g, 9(zo) # 0 are continuous at zo.

Remark 1.2.4 1) Polynomial functions defined by P(z) = ap + a1z +--- +a,z", ¥z € C, a; €

R, j€{0,1,...,n} are continuous on the whole plane C.

2) Rational functions defined by R(z) = % where P and Q are two polynomial functions, are

continuous at each point z such that Q(z) # 0.

Example 1.2.6 Let us consider the functions f, g, h defined respectively by f(z) = 2> — 22> +6,
9(z) = =2 and h(z) = =

z(z—3i)*

+4

Then f is continuous on C, g is continuous on C* and h is

continuous on C \ {0, 3i}.

1.3 Holomorphic and harmonic functions

Definition 1.3.1 Let E C C, zo € Eand let f : E — C be a complex-valued function. We say
that f is differentiable at z if the following limit exists and belongs to C.

lim/ & =/ (1.1)

zZ—2Z0 zZ—2Zp

In this case, we denote by f’(zo) (or %(zo)) the derivative of f at zo and

f'(z0) = limM.

20 Z— 2

If f is differentiable at every point z € E, we say that f is differentiable on E.

Remark 1.3.1 If we put Az = z — zy, then the limit given in (1.1) becomes

y f(zo + Az) = f(z0)
im .
Az—0 Az

(1.2)

21
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Example 1.3.1 1) Let f : C — C be the function defined by f(z) = z°, Yz € Cand let z; € C.

Then
f(Z — f(zo0) _ zz—zé
zZ—Zp - Z—2p
_ (z—20)(z + 20)
B Z—Zy
= Z+2Zz.
Hence
f (z) = f(z0)

= lim(z + zg) = 2z,
Z—>zo zZ— 2y zZ—2Zg

then f is differentiable at zy and f'(z) = 2z,

Similarly, we have

d
—(z") =nz"!, Vn e N*, Vz e C.
dz

2) Let f : C — C be the function defined by f(z) =z, Yz € C and let zy € C \ R. Then

flzo+Az) — f(z0)  zg+Az-Z%
Az B Az

Zo+Az-7%
Az

Az
Az’
Letz=x+1iy, x,y € R, then Az = Ax + iAy and

flzo+Az) - f(z0) | 1, ifAy =0

Az -1, ifAx=0,

therefore, the limit given by (1.2) does not exist, and f is not differentiable at any z, € C\RR.

Remark 1.3.2 All rules known for real-valued functions are also satisfied for complex-valued

functions.

Proposition 1.3.1 Let E C C, zy € E, c be a real number and let f,g : E — C be complex-
valued functions. If f and g are differentiable at z,, then

1) f F g is differentiable at zo and (f F g)'(z0) = f'(z0) F 7' (20)-

22
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2) cf is differentiable at zy and (cf)'(zo) = cf’(zo).

3) fyg is differentiable at zy and (fg)’(z0) = f(20)9’(z0) + f'(20)9(20)-

s : ’ (0)f 20~ f0)g ()
4) § is differentiable at zy and (5) (zo) = L2 f (;(ZOJ;)ZO T2 if g(zo) # 0.

5) If f is differentiable at g(zo), then f og is differentiable at zo and (f og)’(zo) = f’ (9(20)) 9’ (20).

Theorem 1.3.1 Let E € C, zp € Eand f : E — C be a complex-valued function. If f is
differentiable at zy, then it is continuous at z.

The converse is not true.

Example 1.3.2 The function f defined by f(z) = |z|*, Yz € C is continuous on C, but it is
differentiable only at z = 0.

Theorem 1.3.2 (Cauchy-Riemann equations) Let E C C,zy = xo + iyo € E and let
f + E — C be a complex-valued function such that f(z) = u(x,y) + iv(x,y), Vz = x + iy € E.
If f is differentiable at z, then the first order partial derivatives of u and v satisfy, at (xo, Yo),

the following equations
du dv du dv
x(xo,yo) = a—y(xol Yo) and @(xof Yo) = —a(xo,yo)- (1.3)
The equations given in (1.3) are called the Cauchy-Riemann equations.
Example 1.3.3 Let f(z) = x*> + y + i(y* — x) = u(x,y) + iv(x, y), Yz = x + iy € C. Then
u(x,y) = x> + yand v(x, y) = y* — x,

therefore
u v u Jv
g(x/ ]/) - le @(x/ ]/) - 2]/ ﬂnd a_y(x/ ]/) - 1/ a(xl ]/) = -1

Hence f is not differentiable at any point z€ C\ {z € C, z = x +ix, x € R}.

Theorem 1.3.3 Let E C C, zy = xo +1iyo € Eand let f : E — C be a complex-valued

function such that f(z) = u(x,y) +iv(x,y), Vz = x + iy € E. If u and v have continuous
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Ju Jdu Jdv Jv

partial derivatives %, 9y’ o ay

in a neighborhood of zy and if they satisfied, at (xo, yo), the

Cauchy-Riemann equations given in (1.3), then f is differentiable at z,. Furthermore,
, du
fl(zo) = (x0, Yo) + 1 (xo, Yo)
= 8_y(x0’ Yo) — i8_y(x0’ Yo)
u ou
= —(Xo, Yo) — 1—(950/ Yo)
dv
= (xo, Yo) + 1 (xo, Yo)
Example 1.3.4 Let f(z) = z°, Vz € C, then
@) = f(x +iy) = x° = 3xy* +i(3x%y — v°) = u(x, y) + iv(x, y)

where

u(x,y) = x° = 3xy* and v(x, y) = 3%y — y°.
Then for all (x, y) € R?, we have
My =3 -3 = L My = —6xy = 22
E (x,y) =3x"-3y" = 8y(x' y) and 8y(x’ y) = —6xy = ax(x, ).

Therefore, u and v have continuous partial derivatives and they satisfy (1.3), hence f is differ-

entiable on C and for all z € C, we have

f'(2) (x Y) +z (x Y)

= -3y* + z6xy
= 3(x* —y* +2ixy) =

Definition 1.3.2 Let E C C, zo € Eand let f : E — C be a complex-valued function. We say
that f is holomorphic at z, if it is differentiable at zy and in a neighborhood of z.

Remark 1.3.3 A function can be differentiable at a point but not holomorphic at the same point.
Example 1.3.5 The function z «—> |z|* is differentiable at z = 0 but it is not holomorphic at

z=0.
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Definition 1.3.3 Let E C C be a domain and let f : E — C be a complex-valued function.
We say that f is holomorphic on E if it is holomorphic at each point z, € E.

Definition 1.3.4 Let f : C — C be a complex-valued function. We say that f is entire if it is

holomorphic on C.

Definition 1.3.5 We say that a complex-valued function f is holomorphicatz = coifz +— f (%)

is holomorphic at z = 0.
Example 1.3.6 Polynomial complex functions are entire functions.

Proposition 1.3.2 (L'Hépital) Let E € C, zy € E and let f,g : E — C be two complex-
valued functions such that f and g are holomorphic at zy with f(zo) = g(zo) = 0, but g'(zo) # 0,

then
f(z)  f'(z0)

m = .
=ag@) | ()

Example 1.3.7 Let zy = i and
Z2+i  f(2)
hz) = S5— = f@
zZ2+1  g(z)

where f(z) = 22 +iand g(z) = z*> + 1, then f and g are holomorphic at zo. In addition,

f(i) = g(i) = 0and g'(zo) = 2i # 0, hence by applying the Proposition 1.3.2, we get

: Z+i . f(®) . 322 3
@ =lmoy =iy ~ i T2

Theorem 1.3.4 Let E C C be a domain and let f : E — C be a complex single-valued
function. If f is holomorphic on E and f'(z) =0, Vz € E, then f(z) =k € C, Vz € E. That is f

is constant on E.

Example 1.3.8 Let E={z € C, |z| <1} U{z € C, |z| > 2} and let f : E — C be the function
defined by
1, if |z <1
flz) = ,
2, if |z >2.

It is clear that E is not a domain, in addition f is holomorphic on E and f'(z) = 0 forall z € E,

but f is not constant on E.
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Theorem 1.3.5 Let E C C be a domain and let f : E — C be a complex-valued function. If f

is holomorphic on E and if | f| is constant on E, then f is constant on E.

Definition 1.3.6 Let D C IR?, (xo,y0) € D and let h : D — R be a real function. We say
that h is harmonic at (xo, yo) if it has continuous partial derivatives of the first order and of the

second order and these partial derivatives satisfy, at (xo, Yo), the following Laplace equation
d*h d*h
Ah(xo, Yo) = ﬁ(xo, Yo) + 8_]/2(950, Yo) = 0.

We say that h is harmonic on D if it is harmonic at each point (x, y) of D.

Theorem 1.3.6 Let E C C be a domain and let f : E — C be a complex-valued function such

that f(z) = u+iv, Vz € E. If f is holomorphic on E, then u and v are harmonic on E.

Definition 1.3.7 Let D C R? and let u,v : D — R be two real functions. If u and v
are harmonic on D and their first order partial derivatives satisfy “at any point of D” the

Cauchy-Riemann equations (1.3), then we say that v is a harmonic conjugate of u.
Example 1.3.9 Let u,v : R> — R be two real functions defined by

u(x, y) = 2 — 172, o(x,y) = 2xy, V(x,y) € R,

then
u 3 u 3 )
a(x, y) = 2x, 8y(x’ y) = -2y, Y(x,y) € R7,
hence
*u *u )
ﬁ(x, ) =2, 8—y2(x, y)=-2,VY(xy eR
and

2 2

o°u J°u
Au(x, y) = W(x, y)+ 8_y2(x' y) =0,
then u is harmonic on IR?.

Similarly, we can prove that v is harmonic on IR?. Furthermore, u and v satisfy the Cauchy-

Riemann equations (1.3), then v is a conjugate of u.
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Example 1.3.10 Find a holomorphic function f whose real part is given by

u(x,y) = e “siny, Y(x,y) € R%

We have
du .. Ou . )
g(x, y) = —e “siny, @(x, y)=e"cosy, Y(x,y) € R,
hence
*u . *u I )
W(x, y) =e 'siny, (9_]/2(x' y)=—e"siny, Y(x,y) € R
and

u u )
Au(x,y) = W(x, y)+ Q_yz(x' y)=0,Y(xy eR’,

then u is harmonic on R2.

Let v : R*> — IR be a conjugate of u, then u and v satisfy the Cauchy-Riemann equations (1.3),

that is

dv _du I 5

8_y(x' y) = P (x,y) =—e"siny, Y(x,y) € R (1.4)
and

%(x, y) = —3—;(3@ y)=—e"cosy, Y(x,y) € R?. (1.5)
By integrating (1.4) with respect to y, we get
v(x,y) = e cosy + p(x). (1.6)
Substituting (1.6) in (1.5), we obtain
—e*cosy+ @'(x) = —e " cosy,
then @’(x) =0, Vx € R, hence ¢(x) = k € R. Therefore,

f(z) =e*siny +ie" cosy + ik = ie”* + ik, k € R.

1.4 Exercises

Exercise 1.4.1 Express in the form x + iy the following complex numbers

1
7 =1+i+i2-3). 2=@+2)Q2+1). 2= 7.
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Exercise 1.4.2 Express in trigonometric form

4 25 _(1-i)(V3+i)

z1=-8+ -+

i34 T Av (i)

Exercise 1.4.3 Solve the following equations
Z2=2i z'=-16. z'=1.
Exercise 1.4.4 Let z, z1, zo be complex numbers and let z be the conjugate of z. Prove that
1) |z| > 0and |z| = 0 if and only if z = 0.
2)z=z¢=zecR
3) Iz = Vzz.
4) |z| = Iz].
5) |z1.22| = |z1l|z2| and |%| = %, zp # 0.
6) |z1 + zo| < |z1| + |z2l, (the triangle inequality).
7) llza] = |zl < lz1 — 22

8) %:W,VZEC*.
Exercise 1.4.5 By using the triangle inequality, prove that
D |22 +32-1/ <15 ¥zeC, 2/ =2

2) |2 +iz+2|>6,Vz€C, [zl = 4

3) 0<|5| <2, VzeC, 2l =1.

Exercise 1.4.6 Shade the following region and determine whether they are domain.

1) Dlz{zeC,1<|z—1|< \/5}
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2) D2:{zeC,%<|z—%|<1}U{zeC,%<|z+%|<1}.
3) D;y={z€e(C, |z| <|z—-1}}.
4) Dy={z€eC, |z-1|<1}U{zeC, |z-3| < 1}.

Exercise 1.4.7 Describe the domain of definition for each of the following functions

z 1

DfE) =2 —iz+5+4i DfE)=—. 3)f(7‘):zZTz' Y =

Exercise 1.4.8 1) Find the real part and the imaginary part of the function defined by f(z) =

2 +2z+1.
2) Express in term of z the function defined by
fz) =x* —y* +i(2x - 2xy), Vz = x +iy € C.
Exercise 1.4.9 Prove that if a function has a limit, then this limit is unique.

Exercise 1.4.10 Find each of the following limits

3 2 2 4
. z°+5 Coze+1 . 4z +1 . z=—1

1) lim——, 2)lim —, 3)lim——, im——.
—2i iz i Z — 1 zs00z2 + 724+ 3 41 z—00z3 + 274 4

Exercise 1.4.11 Discuss the continuity of the function f : C — C defined by

3_ .
=oifll# 1,

f@) = 3 =1

atzo=1,z1=-1,zp = —iand z3 = i.

Exercise 1.4.12 For each of the following functions, determine f'(z).

1) f(z) = £2, vze C\ {1}

2) f(z)=(1+2%)°, VzeC.

Exercise 1.4.13 Determine the coefficients a, b and c so that the Cauchy-Riemann equations are

satisfied for the function f : C — C defined by f(z) = ay®+ix®>+xy(bx+icy), Yz = x+iy € C.
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Exercise 1.4.14 Prove that the Cauchy-Riemann equations can be written, in polar coordinates

as

1dv 1du

dv
;%(7’, 6), ——(7’, 6) = —5(7’, 6)

u
g(r, 0) = rd0

Where x = rcos 0 and y = rsin 0.

Exercise 1.4.15 Let u : D C R> — R be a harmonic function in D. Prove that

1) Ifv: D — Ris a conjugate of u, then —u is also a conjugate of v.

2) Ifv, : D — Rand v, : D — Rare conjugates of u, then vi and v, differ by a real constant.

3) If v : D — R is a conjugate of u, then v is also a conjugate of u + c, where c is a real

constant.
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Chapter 2

Elementary complex-valued functions

This chapter is devoted to some elementary complex-valued functions: Complex ex-
ponential function, complex trigonometric functions, complex hyperbolic functions,
complex logarithmic function, complex power function, inverse trigonometric and hy-

perbolic functions. We end the chapter by giving some exercises.

2.1 Complex exponential function

Definition 2.1.1 The exponential function is the function f : C — C defined by
w=f(z)=e=e"cosy+ie'siny, Vz=x+iy€C, x,y € R.

By applying the Theorem 1.3.3 we can easily obtain the following result.

Proposition 2.1.1 Let w = f(z) = %, Vz € C, then f is entire and for all z € C, we have

f'(z) = €.

Proposition 2.1.2 Let z,z; and z, be three complex numbers. Then
1) ¢f=1z=2kni, keZ.

2) ¢4 =62 &z =20+ 2kmi, ke Z.

3) ¢ = ¢
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Proof.
1) &? Letz = 2kmi, k € Z, then
¢ = ™ = cos(2km) + isin(2km) = 1.

=?Letz=x+1y, x,y € R, then

F=1 = =1
= e =1
= =1
= x=0,
hence
¢ =¢e¥=cosy+isiny =1,
then

cosy =1and siny =0.

Therefore, y = 2kn, k € Z, that is z = 2kni, k € Z.

2) &? Letzy =z, + 2kmi, k € Z, then

2o +2kTti

=g = g2 = %2,

=7 Suppose that e*! = ¢, then

e = 1.

By using 1), we obtain

Z1—2p = 2k77i, ke Z,
that is

Z1 =2y + ani, keZ.

3) Letz=x+1iy, x,y € R, then
¢* = e = ¢*cosy +ie*siny,
hence
z

¢ =¢"cosy—ie'siny =Y = ¢
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Corollary 2.1.1 The function z — ¢* is periodic with period T = 27ti.

2.2 Complex trigonometric functions

Definition 2.2.1 We define the complex sine and the complex cosine on C, respectively, by

eiz _ e—iz eiz + e—iz
. COSz = .
2i 2

sinz =

From the Proposition 2.1.1 and the Definition 2.2.1, we have the following result.

Proposition 2.2.1 The complex functions z — cosz and z +— sinz are entire and for all

z € C, we have
d

. d )
—sinz = cosz and — cosz = —sin z.

dz dz

Proposition 2.2.2 For all z € C, we have
sinz = sinz and cosz = cOSZ.

Proof. By using the Definition 2.2.1, the Proposition 2.1.2 and that iz = —iz, Yz € C, we

have

— e — ez
sinz = —
2i
o7 — o iz
—2i
ezE _ e—E
2i
= sinz.

Similarly, we can prove that cosz = cosz, Vz€ C. =
Proposition 2.2.3 Let z,z;, z, be three complex numbers, then

1) sin(z + 2m) = sinz, cos(z + 27) = cosz.

2) sin(z + ) = —sinz, cos(z + ) = —cosz, sin(} —z) = cosz.
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3) sin(—z) = —sinz, cos(—z) = cosz, sin’z+ cos’z = 1.
4) sin(z; + zp) = sinz; COS zp + COS Z1 Sin z5.

5) cos(zy + zp) = COS z71 COS Zp F sin z7 Sin z,.

6) sin(2z) = 2sinzcosz, cos(2z) = cos?z — sin®z.

7) sin(z; + z») sin(z; — z5) = cos? z, — cos? z;.

8) cos(z1 + 22) sin(z; — 25) = 3 (sin(2z;) — sin(2z)) .

9) sinz=0 z=kn, ke Z.

10) cosz=0©z= 7 +km, ke Z.

Proof. Exercise. m

Corollary 2.2.1 The complex functions z — cosz and z + sinz are periodic with period

T =2m.

Remark 2.2.1 The inequalities |sinx| < 1 and | cos x| < 1 are satisfied for all real numbers x,
but they, in general, are not satisfied for complex numbers. Indeed |cosi| ~ 1.5431 > 1 and

|sin(2 + 7)| ~ 1.4859 > 1.

Definition 2.2.2 1. We define the complex tangent function by

tanz = smz, Vze‘E\{E +k7'c,k€Z}.
Ccosz 2

2. We define the complex cotangent function by
cotz = ==, Vz e C\ lkn, k € Z).
sinz

From the Definition 2.2.2, the Proposition 2.2.1 and the Proposition 2.2.3, we get the

following result.

Proposition 2.2.4 1) The complex function z — tan z is holomorphic on C\{% +km, k€ Z} .
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2) The complex function z — cot z is holomorphic on C \ {kn, k € Z}.

Furthermore,
d 1 i
Etanz = s YC \ {E +km, k e Z}
and
d 1
—cotz = 5 YC \ {kT(, ke Z}
dz sin’z

Remark 2.2.2 The complex tangent and cotangent functions are periodic with period T = 7.

2.3 Complex hyperbolic functions

Definition 2.3.1 Wedefine the complex hyperbolic functionsz — cosh z, z — sinhz, z +—
tanh z and z — coth z by

Z _ =2 Z -z

sinh z coshz
, coshz = =

, tanhz = , cothz Yz e C.
coshz

e
inhz = _ coshz.

SHhe sinh z

From the Proposition 2.1.1 and the Definition 2.3.1, we have the following result.

Proposition 2.3.1 The complex functions z — cosh z and z +— sinh z are entire and for all
z € C, we have

i sinh z = cosh z and i cosh z = sinh z.

dz dz

Proposition 2.3.2 Let z,z1,z, € C. Then

1) cosh(iz) = cosz, cos(iz) = coshz.

2) sinh(iz) = isinz, sin(iz) = isinhz.

3) sinh(-z) = —sinhz, cosh(-z) = coshz.

4) cosh’z —sinh’z = 1.

5) sinh(z; + z;) = sinh z; cosh z; + cosh z; sinh z,.

6) cosh(z; + z) = cosh z; cosh z; + sinh z; sinh z;.

7) sinh(2z) = 2sinhzcoshz, cosh(2z) = cosh?z + sinh?z.
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8) sinhz =0 z=kni, k€ Zand coshz=0ez=(k+1)mi keZ

Proof. Exercise. m

Corollary 2.3.1 1) The complex functions z — coshz and z +— sinhz are periodic with

period T = 2.

2) The complex function z — coth z is holomorphic on C \ {kmi, k € Z} and

ico’chZ:— ,VzeC\ {kni, k€ Z}.

dz sinh” z

3) The complex function z w— tanh z is holomorphic on C \ {(k + %) i, k € Z} and

i tanhz =
dz cosh’z’

VzeC\{(k+%)ni,keZ}.

2.4 Complex logarithmic function

Definition 2.4.1 We define the complex logarithm function as an inverse to the complex
exponential function. That is a logarithm of nonzero complex number z is any complex number

w such that e¥ = z. We write w = logz = In|z| + i arg(z).

Remark 2.4.1 z +— log z is a multi-valued function.

Example 2.4.1 1) log3 = In|3| +iarg(3) = In3 + 2kmi, k € Z.

2) log(-1) =In| - 1| +iarg(-1) = 2k + 1)7ti, k € Z.

3) log(1+i)=In[1+il+iarg(l+i) =In V2+i(% +2kn), k€ Z.
Proposition 2.4.1 Let z,z1,z, € C*, then

1) Ifz = re', then logz = Inr + i6.

2) log(¢*) =z + 2kmi, k € Z.

3) log(z1z2) = log z; + log zy, (as an equality set).

4) log (;—;) = log z1 — log z,, (as an equality set).
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Proof. Exercise. m

Definition 2.4.2 We define the principal branch of the complex logarithm function z — Log z

by
Logz = In|z| + iArg(z).

Theorem 2.4.1 The function z — Log z is holomorphic on E = C\] — oo, 0] and

d 1
E, —Logz = —.
Vz€E, 71092 =~

Proof. Let w = Log z, zy € E and wy = Log zy, then

Logz—L
Hm=d 2~ 209%0 _ pm

22 Z—Zp w—wp e — ewo

w — Wy

= lim
0,
w—wy =0
w—wy

1

eZU[J

1
eLogzo
1

Zo.

2.5 Complex power function

Definition 2.5.1 Let z € C* and a € C. We define the ath power z* of z by

S04 — ptlogz _ ea(ln |z|+iarg(z))'
Remark 2.5.1 1) The complex function z — z% is a multi-valued function.
2) Letze C* and a € C. Then
20— ea(ln|z|+iArg(z)) eZakni, keZ.
Example 2.5.1 o 1/ = ¢/lo8l = ¢ e 7,
o (=2) = ¢il08(-2) = piln2p~(m+2km) | 7.
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Definition 2.5.2 Let z € C* and a € C be a constant. The principal branch of the function

z > 2% is the single-valued function defined by f(z) = z® = e*9%,

Remark 2.5.2 Since z +— ¢€* is entire and z — Log z is holomorphic on E = C\] — o0,0],

then the principal branch of z — z* is holomorphic on E. Furthermore,

d ay _ i alogz) _ aLogzi _ ﬁ alogz
Vz € E, dz(z)—dz(e )—e dZ(ozLogz)— e

2.6 Inverse trigonometric and hyperbolic functions

Definition 2.6.1 1) The arcsine of a complex number z, denoted as arcsin z, is the solution to

the equation
eiw _ e—iw
z=sinw = ,
2i

2) The arccosine of a complex number z, denoted as arccos z, is the solution to the equation

eiw + e—iw

Z=Ccosw =
2

Proposition 2.6.1 1)
1 1
arcsinz = ~ log (iz + (1 — 22)2).

2)
1 . 2\
arccosz = 7log(z+z(1—z) )

Proof. Exercise. m

Definition 2.6.2 e The principal branch of the complex arcsine function is defined by
H 1 H 2 % LAr (1—22)
Arcsinz = ?Log(zz+|1—z | e )
o The principal branch of the complex arccosine function is defined by
H 1 ; 2 % Lar (1—22)
Arccosmz:?Log(z+z|1—z I e )

Proposition 2.6.2 e arcsinz + arccosz = +logi.
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Proof.

1w —1w
plw _p—iw

2i

o Letz=sinw = , then

2iz=¢"—e"",

hence

2 — Djze™ — 1 = (.

By letting v = ¢, we obtain

v* —2izv—-1=0,

hence
v=1iz+ V1 -22
then
; ; i|—iz+ V1-22
i — ! = ( ) =z 4+ l Vl - Zz.
v iz V1-22  (iz+ 1—22)(—iz+ 1—z2)
Therefore,

Definition 2.6.3 1) The arctangent of a complex number z, denoted as arctan z, is the solution

to the equation
sinw
cosw’

z=tanw =

2) The arccotangent of a complex number z, denoted as arccot z, is the solution to the equation

cosw

zZz=cotw = — .
sinw

Proposition 2.6.3 1)

1 i—z
arctanz = ¥ log(—).

i i+2z
2)
arccotz—llo (Z—H)
~ 2 %%\ =)
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Proof. Exercise. m

Definition 2.6.4 e The principal branch of the complex arctangent function is defined by

1 i—z
rctanz > 0g oy

o The principal branch of the complex arccotangent function is defined by

1 z+1
rceotz i 0g e

Proposition 2.6.4 1) arctanz +arccotz = 5 +km, k € Z.

2, R@®=0
-z, R(z) <.

27

2) Arctanz + Arccotz =

Proof. Exercice. m

Definition 2.6.5 1) The complex inverse hyperbolic sine function is the solution to the equation

=sinhw =
Z = smnw 5

2) The complex inverse hyperbolic cosine function is the solution to the equation

ev +ev
2

z =coshw =

Proposition 2.6.5 1)
1
arcsinhz = log (z + (1 + zz)z).

2)
arccoshz = log (z + (22 — 1)7).

Proof. Exercise. m

Definition 2.6.6 e The principal branch of the complex inverse hyperbolic sine function is
defined by

1 i
Arcsinhz = Log (z + |1 + zz|2 eEAW(sz)).
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e The principal branch of the complex inverse hyperbolic cosine function is defined by
Arccoshz = Log (z + |ZZ _ 1|2 e%Arg(z2_1)).

Definition 2.6.7 1) The complex inverse hyperbolic tangent function is the solution to the

equation

2) The complex inverse hyperbolic cotangent function is the solution to the equation

cosh w
sinhw’

z =cothw =

Proposition 2.6.6 1)

1+z)

1
tanhz = =1 (
arctann z Og 1—Z

2
2)

z+1)

1
arccothz = Elog(z —)-

Proof. Exercise. m

Definition 2.6.8 e The principal branch of the complex inverse hyperbolic tangent function

is defined by

Arctanhz = %Log(

1+z)
1-z/)

o The principal branch of the complex inverse hyperbolic cosine function is defined by

1 z+1
Arccothz = ELog (z — 1).

2.7 Exercises

Exercise 2.7.1 Express in the form x + iy, x, y € R the value of the given function
sin(2 +1), cosi, tan(m — 2i).

Exercise 2.7.2 Let z,z1,z, be three complex numbers. Prove that

1) sin(z + 2m) = sinz, cos(z + 27) = cosz.
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2) sin(z + m) = —sinz, cos(z + ) = —cosz, sin(} —z) = cosz.
3) sin(—z) = —sinz, cos(—z) = cosz, sin’z+ cos?z = 1.

4) sin(z; + zp) = sinz; COS zp + COS z7 Sin z5.

5) cos(z; + zp) = COS 271 COS Zp F sin z7 Sin z,.

6) sin(2z) = 2sinzcosz, cos(2z) = cos?z — sin’z.

7) sin(z; + z5) sin(z; — z,) = cos? z, — cos? z;.

8) cos(z1 + 20) sin(z1 — 25) = 1 sin(2z1) — 3 sin(2z,).

9) sinz=0<z=kmn, ke Z.

10) cosz=0ez=7 +kmn, ke Z.

Exercise 2.7.3 e Prove that the complex tangent and cotangent functions are periodic with

period T = .
Exercise 2.7.4 Prove that for all z,z,,z, € C, we have
1) cosh(iz) = cosz, cos(iz) = coshz.
2) sinh(iz) = isinz, sin(iz) = isinhz.
3) sinh(-z) = —sinhz, cosh(-z) = coshz.
4) cosh’z —sinh’z = 1.
5) sinh(z; + z;) = sinh z; cosh z; + cosh z; sinh z,.
6) cosh(z; + z) = cosh z; cosh z; + sinh z; sinh z;.
7) sinh(2z) = 2sinhzcoshz, cosh(2z) = cosh?z + sinh?®z.

8) sinhz=0o z=kni, ke Zand coshz:O<:>z:(k+%)m',k€Z

Exercise 2.7.5 1) Express sinz, forall z = x +iy € C, in the form u(x, y) +iv(x, y), x,y € R.
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2) Express cosz, forall z = x + iy € C, in the form u(x, y) + iv(x,y), x,y € R.
3) Expresstanz, forallz = x+iy € C\{g +km, k € Z}, in the form u(x, y)+iv(x, y), x,y € R.
Exercise 2.7.6 Prove that for all z = x + iy € C, we have

1) |sinz]* = sin? x + sinh® .

2) |coszl* = cos® x + sinh? v

3) |sinhz|?> = sinh® x + sin’ .

4) |coshz? = sinh®x + cos? y.

Exercise 2.7.7 Let z,z1,2z, € C*. Prove that

1) Ifz =re”?, thenlogz = Inr + i6.

2) log(¢*) =z + 2kmi, k € Z.

3) log(z1z2) = log z; + log z».

4) log(i—;) =logz; —log 2.

Exercise 2.7.8 Prove that

NI—

1) arcsinz = 1log (iz +(1-2%)

2) arccosz = 1log (z + (22 - 1)%).

3) arctanz = 5 log (5)

4) arccot z = %log(”?).

z—1

5) arctanz + arccotz = 5 +km, k € Z.

. R(E=0
6) Arctanz + Arccotz = 2 @)
% R(z) < 0.

Exercise 2.7.9 1) Find all values of (i)™
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2) Determine the principal value of (—i)'.

3) Determine arcsin(—i).

Exercise 2.7.10 Prove that
1) arcsinhz = log (z +(1+ zz)%).

2) arccoshz = log (z + (22 - 1)%).
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Chapter 3

Fundamental theorems about complex

functions

In this chapter, we start by introducing the notion of complex integration. After that,
we present the Cauchy integral formula, Taylor and Laurent series and zeros and sin-

gularities of complex-valued functions. We end the chapter by giving some exercises.

3.1 Complex integration

Definition 3.1.1 Let z : [a,b] — C be a continuous function defined by z(t) = x(t) +

iy(t), Vt € [a,b] where x,y : [a,b] — R are continuous real functions.
o The range y of z is called curve in C, that is y is the set {z(t) = (x(t), y(t)), t € [a,b]}.
o z(a) = x(a) + iy(a) is the initial point of y.
o z(b) = x(b) + iy(b) is the terminal point of y.
Definition 3.1.2 Let y be a curve in C. We say that y is simple if
Vi, ta €la,bl, b £t = z(t) # z(f),
that is y does not cross itself. See Figure 3.1
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-2

Figure 3.1: Simple curve

Figure 3.2: Simple closed curve

Definition 3.1.3 Let y be a curve in C. We say that
e v is closed if z(a) = z(D).

o v is simple closed if it is closed and for all t,,t, €la, b, t1 # t» = z(t1) # z(t2), that is y

does not cross itself except at the end points. See Figure 3.2
Example 3.1.1 1) Let zq,z, € C. The line segment [z, z,] is a simple curve.

2) The unit circle y given by z(t) = (cost,sint) or by z(t) = e = cost + isint, t € [0,2n] is

a simple closed curve.

Remark 3.1.1 Different functions may represent the same curve. For example t +— z1(t) =

e, t € [0,2n] and t —> z(t) = €™, t € [0, 1] represent the unit circle.

Definition 3.1.4 Let y be the curve given by the range of z : [a,b] — C. We say that y is

piecewise continuous if
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(i) z(t) exists and is continuous for all but finitely many points in la, b[.

(ii) At any point ty €]a, b[ where z fails to be continuous, the limits limz(t) and limz(t) exist
5t 5t
and are finite.

(iii) The limits limz(t) and limz(t) exist and are finite.

t5b t=a
Definition 3.1.5 Let y be the curve given by the range of z : [a,b] — C. We say that y is
smooth if

(i) z’ exists and is continuous on [a, b].
(ii) z'(t) # 0, YVt €]a, bl.
Example 3.1.2 The line segment [z, z,] and the unit circle are smooth.

Example 3.1.3 Let y be the curve represented by the function z defined on [0, 2] by

t+2ti, te€]0,1]
F4+2i, te[l,2]

Then z' exists but it is not continuous at ty = 1, hence y is not smooth. See Figure 3.3

Definition 3.1.6 Let y be the curve given by the range of z : [a,b] — C. We say that y is

piecewise smooth if z and z' are piecewise continuous.

Definition 3.1.7 We say that y is a contour if it is a sequence of smooth curves y1,v2,¥3, -+, Vn
such that the terminal point of y; is the initial point of y; for all 1 < j < n — 1. We write, in

thiscase, y = y1+y2+ys+--+ V.

Definition 3.1.8 Let y be a simple closed contour. We say that y is positively oriented or
anticlockwise if the interior domain lies to the left of an observer tracing out the points in order,

otherwise it is negatively oriented or clockwise.
Remark 3.1.2 e A contour is a continuous piecewise smooth curve.

o The opposite contour of v is given by =y = (=) + (=Vu-1) + -+ + (=y1) .
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Figure 3.3: y is not smooth.

Definition 3.1.9 Let y be a smooth curve given by the range of z : [a,b] — C. We define the
length of y by
b
L) = [ En

Example 3.1.4 1) Let y be the line segment [z1,2z,], that is the curve given by the range of
t — z(t) = (1 — t)z1 + tzp, t € [0,1]. Then the length of y is

1 1
L(y) = f Iz’ ()| dt = f |zo — z1|dt = |zo — z4].
0 0

2) Let y be the curve given by the range of t > z(t) = zo + re", t € [0,27]. Then the length of

271 271
L(y) = f 12/ (#)| dt = f |ire"| dt = 2mr.
0 0

Remark 3.1.3 Lety = y1 + y2 + Y3+ --- + ), be a contour, then the length of y is

y is

Ly) =) L)
=1

Definition 3.1.10 Let y be a curve. We say that y is rectifiable if the lengths Ly of all inscribed
polygons T are bounded.
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Remark 3.1.4 If y is a piecewise smooth curve, then y is rectifiable.

Theorem 3.1.1 (Jordan curve theorem) The points on any simple closed curve or simple
closed contour y are boundary points of two distinct domains, one of which is the interior of y

and is bounded. The other, which is the exterior of v, is unbounded.

Definition 3.1.11 Let E C C be a domain. We say that E is a simply connected domain if the
domain interior to any simple closed contour lying in E lies wholly in E.

A domain that is not simply connected is called multiply connected.

Figure 3.4: Simply connected

Figure 3.5: Not simply connected

Remark 3.1.5 The interior of a simple closed curve is simply connected.
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Figure 3.6: Simply connected

Definition 3.1.12 Let E C C be an open set, f : E — C be a continuous complex-valued
function and let y be a smooth curve in E given by the range of z : [a,b] — C. The integral of

f along y is defined by
b
dz = (z(t)) 2/ (H)dt.
[ fexz= [ rew=o

Proposition 3.1.1 Let E C C be an open set, f,g : E — C be continuous complex-valued

functions and let y be a smooth curve in E. Then
1. fy (f(2) + g(2))dz = fy f(2)dz + fy 9(z)dz.
2. f} (cf(z)dz =c fy f(z)dz, Yc € C.
3. [ L f@)dz = - fy f(2)dz.

Remark 3.1.6 Let E C Cbean open set, f : E — C be a continuous complex-valued function

andlet y = y1+ 7y, + Y3+ -+ Y, bea contour in E, then

Lf(z)dz:g‘[/jf(z)dz.

Theorem 3.1.2 Let E C C be an open set, v be a contour in E and let f : E — C be a

continuous complex-valued function such that | f (z)| <M, Vz € y, where M € R}, then

£ f(z)dz
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3.2 Antiderivative of a complex-valued function

Definition 3.2.1 Let E C C be a domain and let f : E — C be a continuous complex-valued

function. An antiderivative of f on E is a function F such that F'(z) = f(z), Yz € E.

Remark 3.2.1 e An antiderivative of a continuous complex-valued function is holomorphic.

o Any two antiderivatives of a continuous complex-valued function differ by a constant.

Example 3.2.1 1) The function z — sin z is an antiderivative of the function z — cosz on

C.

. n+l ., . . . .
2) The function z — % is an antiderivative of the function z — z" on C.

Theorem 3.2.1 Let E C C be a domain, z1,z, € E, y be a contour in E joining z, and z,. Let
f + E — C be a continuous complex-valued function. Suppose that f has an antiderivative F

in E, then
| rez = Fee - e
)/

Corollary 3.2.1 e The integral only depends on the end points and not on the choice of y.

o Ifyis a closed contour in E, then fy f(z)dz = 0.

Example 3.2.2 Let n € IN, y, be the circle centered at zy € C and with radius r > 0 traversed

once in the counterclockwise direction. Let E = C \ {zo}, then E is a domain and the function

(Z—Zo)”+l

z V> (z — zo)" is continuous in E and has an antiderivative z +— =5

. Since y, is a closed

contour that lies in E, then fy (z —z0)"dz = 0.

Example 3.2.3 Let 4,y and 3 be the curves given, respectively, by z,(t) = t(1+1), zo(t) = ti
and z3(t) = t +1, t € [0, 1]. We define the function f : C — C by

f@) =y—-x+3ix*, Vz=x+iy € C.
Then,

1 1
_ / _ 42 aNg 1
Ll f(z)dz = I) f(za(t) zy(H)dt = fo (Bit” — 3t°)dt 1+
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and

1 1
«f)/\zﬂ/g f(Z)dZ = L f(ZZ(t)) Z/z(t)dt + L f(Zg(t)) Zé(t)dt
1 1

It is clear that y1 and y = y, + Y3 have the same end points but fy : fz)dz # fy f(z)dz, hence f

cannot have an antiderivative.

3.3 Cauchy’s integral theorem

Theorem 3.3.1 (Cauchy-Goursat theorem) Let E C C be a simply connected domain,
f + E — C be a holomorphic complex-valued function and let y be a simple closed rectifiable

contour in E, then fyf(z)dz = 0.

Theorem 3.3.2 Let y be a simple closed contour and f be a complex-valued function such that

f is holomorphic at each point on and inside y, then fy f(z)dz = 0.

Example 3.3.1 Let us compute the integral fy = where y is the circle centered at zy = 0 and
with radius r = 3 traversed once counterclockwise.

The function z —> —= is holomorphic in C\ {2i} but the point z = 2i lies exterior to the contour,
see Figure 3.7, then by Cauchy-Goursat theorem, s £ =0.

Y

4(0,2)

Figure 3.7:
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3.4 Cauchy’s integral formula

Theorem 3.4.1 Let E C C be a simply connected domain, f : E — C be a holomorphic

complex-valued function and let y be a simple closed positively oriented contour. If E contains

f (Z)
flzo) = 2mi f;z —Zp

Example 3.4.1 1) Evaluate the integral I = f
Let g(z) =

y and zy is a point inside y, then

7otz where y is the unit circle.

Z(Z % then g is holomorphic in C \ {0, 2} but only zy = 0 lies inside y, then

et
z-2"

9(z) = & where f(z) =

By applying Cauchy’s integral formula, we obtain

I= f( —dz =2mif(0) =

4

2) Evaluate the integral I = f 7otz where y is the contour given in the Figure 3.8
It is clear that y = y1 + v where y1 and vy, are the positively oriented left lobe and the
negatively oriented right lobe, respectively. Then

e* e e?
I_Lz(z—Z)dz_ ’; z(z—Z)dZ-ny2 z(z—Z)dz
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Figure 3.8:
But
ez f( ) z
f z(z — 2)d fyl — 9 1) -2
and

ez g( ) z
f z(z—Z)d oo dz 9(z) =

72
By applying Cauchy’s integral formula, we obtain

e B . e o o
fyl @ 2)dz 2mif(0) = —mi and . Z(Z_z)dz— 2mig(2) = —emi,

then

I =—mi—é*ni=—(1+ée*)mi.

3) Evaluate the integral I = f
We have

7otz where y is the contour given in the Figure 3.9.

e & &
z2(z-2) 2(z-2) 2z

et € et
j;Z(Z—Z)dZ_‘];Z(Z—Z)dz_‘f):zdz.

By applying Cauchy’s integral formula, we obtain

e* 1 e*
dz:—f dz = mie?
£2(2—2) 2),z=-2
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-4 4>_
i
Figure 3.9:
and
Z 1 Z
e—dz == e—dz = iie® = mi.
y 2z 2 y Z
Hence,

I = mie* — i = (* — 1)mi.

Theorem 3.4.2 Let E C C be a domain and f : E — C be a holomorphic complex-valued

function. Then the derivatives f', f”,..., f™,... exist and they are holomorphic in E.

Theorem 3.4.3 (Cauchy’s integral formula for derivatives) Let y be a simple closed posi-
tively oriented contour and z, be a point inside y. If f is a complex-valued function such that

it is holomorphic inside and on y, then for all n € IN* we have

fe) = o [ LD

C2mi ), (z -zt

Example 3.4.2 Evaluate the integral fy 2t dz along the unit circle traversed once in the

counterclockwise direction. Let f(z) = 2z + 1 and zy = 0, then by Cauchy’s integral formula

2z+1 2ni , .
f); 72 dz = Tf (0) = 41i.

forn =1, we get
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3.5 Taylor series

Definition 3.5.1 A sequence {z,},2y of complex numbers is a function z : N — C defined by

z(n) = z,, Yn € IN.
Definition 3.5.2 We say that {z,}; %), has a limit z € Cas n — +oo if
Ve >0, dny e N, Vn > ny, |z, —z| < €.

In this case, we say that {z,},% converges to z with lim z, = z.

n—+o00

We say that {z,},%, diverges if it has no limit or lim z, = co.

n—+00

Definition 3.5.3 1) We say that {z,},2y is bounded if

AM e RY, Ang € N, VYn > ny, |z,] < M.

2) We say that {z,},%) is a Cauchy sequence if
Ve>0,dnyeIN,Vn,meIN, n>m>ny, |z, — z.| <e.
Proposition 3.5.1 {z,}% is convergent if and only if it is a Cauchy sequence.

Proposition 3.5.2 Let zy € Cand let f be a complex-valued function defined in a neighborhood
of zo, then f is continuous at zq if and only if for any sequence {z,}%) converging to zy we have

nl_iHloof(Zn) = f(ZO)'
Remark 3.5.1 o A convergent sequence has a unique limit.

o A convergent sequence is bounded.

Proposition 3.5.3 Let {w,},% be a complex sequence and zy, wy, &, B € C such that lim z, =

Nn—+00
zo and lim w, = wy. Then

n—+oo
1) lim (az, + Bw,) = az + pw.
n—+0o
2) lim (z,w,) = zowy.
n—+oo
: ) = Z
3) nllrfL)(wn) = 2, wo # 0.
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4) lim z, = zg and hm 1Z,| = |zo] .

n—+oo

Proposition 3.5.4 Ifz, = x,, +iy,, ¥n € N, zg = xo + 1Yo, X0, Yo € R, and {x,},> and {yn};z)

are real sequences, then

lim x,, = xp
limz, =zy) &< "
n—-+oco 1
m .
n—>+ooyn ]/0

Proposition 3.5.5 Let {w,}, > be a complex sequence.

1 If lw,| < |zul, Yn € Nand lim z, =0, then lim w, = 0.

n—+oo n—+oo

2) If lim z, = 0 and {w,},2y is bounded, then lim w,z, = 0.

n—+0o n—+oo

Definition 3.5.4 Let zy € C. We say that zy is an accumulation point of {z,},2y if for every

neighborhood V (zy) of zo, there exists a subsequence {z,x} for which all terms belong to V(zo).

Example 3.5.1 & Let z, = 3”+21 ,n € N*, then lim z, = lim 2 = 3 and {z,}] converges
n—+oo n—+oo
to 3.
& Letz, =378 e N, then lim z, = lim 3724 = 37 gnd (z,}% converges to 332
n—+oo n—+oo
_ n’=i n
& Letz, = 53—, n €N, then nl_1)rz1mzn = nl_l)erZn = +o0 and {z,}, %, diverges.

+00
Definition 3.5.5 1) A series of complex numbers is a formal expression ).z, where z, €

n=0
C, ¥n € N.

+00 n
2) We denote by S,, the nth partial sum of the series ).z, and it is defined by S, = }_ z.
n=0 k=0

+00
3) We say that the series Yz, converges if the sequence {S,},% converges to S € C. In this

n=0
+00
case, S is the sum of the series Z z, and we can write S = ), z,.
n=0 n=0

+00
4) If the series ) z, does not converge, then we say that it diverges.
n=0

+00 oo
5) We say that the series ) z, is absolutely convergent if the series ). |z,| converges.
n=0 n=0
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+0o
6) We say that the series ), z, is conditionally convergent if it is convergent but not absolutely

n=0
convergent.
+00
Example 3.5.2 Let us discuss the convergence of the geometric series ). pq".
n=0
We have

n

Su=) pd=p+pr+pit+--+pg
k=0

and
n+1

p _Pa
el

n+1
Then if |q| < 1, we have % converges to 0 as n — +oo, hence {S,},% converges to ;

q.

+00
=
Therefore the geometric series Z pq converges if |g| < 1 and its sum is S = Eopq =1

Proposition 3.5.6 1) If Z z,, converges, then lim z, = 0.

n—+oo

2) If Zzn converges, then lim Z Zk =

N=+00k—y 41

+00
Proposition 3.5.7 Let ) w, be a series of complex numbers.
n=0

+00 +o00
1) If |z4| < w,, Yn € N and ), w, converges, then ) z, converges (Comparison test).
n=0 n=0

2) If Z z, and Z w, converge, then for all a, B € C, Z (az, + pw,) converges and

1n=0
Z (az, + pw,) = aZzn + ﬁan

n=0

Proposition 3.5.8 (Cauchy’s root test) Let lim V|z,| =1 < oo, then
n—+oo
+00
1) The series ), z, converges if | < 1.
n=0
+00
2) The series )z, diverges if | > 1.
n=0

3) The test is inconclusive if | = 1.

Zn+1

Proposition 3.5.9 (D’Alembert’s rational test) Let lim =1 < oo, then

n—+oo | “n

58



E. Belhannache Fundamental theorems about complex functions

+00
1) The series ), z, converges if | < 1.

n=0
+00

2) The series )z, diverges if | > 1.
n=0

3) The test is inconclusive if [ = 1.

Definition 3.5.6 Let E C C be a domain and let {f,}') be a sequence of complex-valued

functions defined on E.

1) We say that {f,} <, converges to f pointwise on E if for any z € E, the complex sequence

{fu(@)}}S, converges and lim f,(z) = f(z), Yz € E.
n—+00
2) We say that {f,}'%, converges to f uniformly on E if

Ye>0,dnyeIN, Vze€ E, VYn > ny,

fu2) - f2)| < e.

+00

Example 3.5.3 Let f,(z) = 2", Yz € C, n € IN. Then the sequence {f,},_, converges pointwise
to 0 on the open unit disk B(0, 1) and it is convergent uniformly to O on the closed disk B(0,7)
forall0 <r<1.

+00

Definition 3.5.7 1) A series of complex-valued functions is a formal expression )., f, where
n=0
fn are complex-valued functions defined on E C C.

+00
2) We denote by {S,}'%, the sequence of partial sums of the series Z‘O fn and it is defined on E

by Su(2) = kzo fu(2), ¥z € E.

+00

+0o0

3) We say that the series ). f, converges pointwise on E if its sequence of partial sums {S,}, =,
n=0

converges pointwise to the complex-valued function S and for all z € E, we have S(z) =

+00
Y. fu(2).
n=0
+00
4) If the series ), f, does not converge, then we say that it diverges.
n=0

+00

+00
5) We say that the series ) f, converges absolutely on E if its sequence of partial sums {S,},2,
n=0

converges absolutely to the complex-valued function S.
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+00

+0o
6) We say that the series ). f, converges uniformly on E if its sequence of partial sums {S,}, =)
n=0
converges uniformly to the complex-valued function S.

Proposition 3.5.10 Let E C C be a domain and f, be complex-valued functions defined on E.
+00
If each f, is continuous on E and the series ). f, converges uniformly on E to the function S,
n=0
then S is continuous on E.
+00
Proposition 3.5.11 Let E C C beadomain andy be a contour in E. If the series ), f, converges

n=0

uniformly on E to the function S, then

ﬁ 5(z)dz = fy ZDZ F2)dz = ZO; fy f2)dz.

+00
Proposition 3.5.12 Let E C C be a domain. If each f, is holomorphic on E and the series ) f,

n=0
converges uniformly on every compact subset of E to the function S, then
d +00 +00
S'(2) = (Z fn(z)] - Z (), Vz € E.
n=0 n=0
Definition 3.5.8 A power series around z, € C is a series of functions of the form
+00
Zan (z — zo)" (3.1)
n=0

where a, € C, Yn € N.

{a,},0 are the coefficients of the series (3.1).

Definition 3.5.9 The radius of convergence of the series (3.1) is a real number 0 < R < 400
such that (3.1) converges for all z such that |z — zg| < R and it diverges for all z such that
|z — zo| > R and the set {z € C, |z — zg| < R} is called the disk of convergence of (3.1).

Remark 3.5.2 e The radius of convergence is unique.
e If (3.1) converges nowhere except at zy, then R = 0.
o If (3.1) converges for all z € C, then R = +oo0.

Theorem 3.5.1 Suppose that (3.1) converges at z = z; # z, then it converges absolutely and

uniformly in the closed disk B(zo, 7) where r < |z1 — z|.

60



E. Belhannache Fundamental theorems about complex functions

Corollary 3.5.1 & If (3.1) diverges at some point z = z,, then it diverges at all points z that

satisfy |z — zo| > |z1 — zo|.

& If R is the radius of convergence of (3.1), then the series (3.1) converges uniformly on the
closed disk E(zo, Ry) where 0 < Ry < R.

Remark 3.5.3 Let R be the radius of convergence of (3.1). Then

o If lim

n—+oo

Ant1
an

=1, 1€]0,+co[, then R = }. (D’Alembert’s test).
o If lim V/|a,| =1, 1 €]O, +oo[, then R = %, (Cauchy’s root test).
n—+oo

e R =} where | = limsup V|a,|, | €]0, +oo[ (Cauchy-Hadamard formula).

n—+oo

o Ifl =0,then R = +coand if | = +oo, then R = 0.

Ant1

+00
Example 3.5.4 1) ).z",a, =1, Yn € N. We have lim

n=0 n—+00

=1,thenR=1=1.

n

+00
2) Y (n+1)"(z+0)",a, = (n+1)", Yn € N, zg = —i. We have lim {/|a,| = lim (n+1) = +oo,
n=0 n—+0oo n—+oco
then R = 0.
Theorem 3.5.2 Let R be the radius of convergence of (3.1) and B(zo, R) be its disk of conver-

gence. Then
+0co

1) The sum S defined by S(z) = Y a,(z — zo)" is holomorphic on B(zo, R).
n=0

2) If y is a contour in B(zo, R) then
+00 +00
fZan(z —z9)"dz = Zan f(z —z0)"dz.
Y n=0 n=0 Y

+0o
3) S'(z) = Y. na,(z—z0)""!, Yz € B(zo, R). Furthermore, the radius of convergence of the series
n=1
+0o

Y na,(z — zo)" ! is also R.

n=1
Corollary 3.5.2 Let R be the radius of convergence of (3.1) and B(zo, R) be its disk of conver-
gence. Then its sum S is infinitely differentiable for all z € B(zo, R) and for all k € IN*, we
have

+00

sM(z) = Zn(n —1)...(n =k + Dan(z — 20)"*, ¥z € B(zo, R).
n=k

61



E. Belhannache Fundamental theorems about complex functions

Furthermore,
(k)
g = 2 e N~
k!
Example 3.5.5 We have
+00
Zz”: —,2€B(0,1)
n=0
and
+00 +00 1 1 ’
;nz = nZ:O‘(n+1)z = e = (1_2) ,z€B(0,1).

Theorem 3.5.3 Let E C C be a domain, zy € E and let f : E — be a holomorphic complex-
valued function in E. Suppose that B(zo, R) is the largest open disk in E where R > 0. Then f

can be written as follows

f( ) (z—zo)*+-

(z—2z0) +

G B i

f(z) = f(zo)+ (z—2z0)", Yz € B(zp, R). (3.2)

n=0
Remark 3.5.4 e The series (3.2) is called the Taylor series of f at zo and it converges uniformly
on the closed disk B(zy, ) where 0 < r < R.

o If we put zo = 0, then Taylor’s series (3.2) is called the Maclaurin series of f.

By using the definition of the Maclaurin series of a function, we can obtain

z2 — z"
c=1+z+—+- E—,R=+oo.
2! n!
n=0

cosz—l——+—+ Z(— )”(2 T R = +o0
2n+1
smz—z——+—+ Z(— )”(271_'_1 = +o00.

coshz—1+—+—+ Z(Zn)" = +oo.

3 5 +o 2n+1
smhz—z+§+—+ Z(2n+1)" = +o00.
1 2 - n
E:1+Z+Z +m:nZ_0‘Z, R=1.
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Definition 3.5.10 An analytic function at a point zy € C is a function that can be expanded
in a convergent power series centered at z.

We say that f is analytic on E C C if it is analytic at any point z € E.
From Theorem 3.5.2 and Theorem 3.5.3, we have the following corollary

Corollary 3.5.3 Let E C C be an open set and f : E — C be a complex-valued function. Then
f is holomorphic on E if and only if f is analytic on E.

3.6 Laurent’s series

Theorem 3.6.1 Let zy € C, p1, p2 € Ry such that p; < p,. Let f be a holomorphic function in
the annulus domain C,,(p1, p2) = {z € C, p1 < Iz — 20| < p2}, then f can be represented by the

following series

f(z) = Z;‘an(z — )+ Zf z _bz 5 Vze C..(p1, p2) (3.3)
where _ _
z
ﬂn=zim. y(z_f(#dz,neﬂ\l
and
b, = ﬁ ﬂf(z)(z —20)" dz, n e N*

and y is a positively oriented simple closed contour around z, lying in C. (p1, p2).
Remark 3.6.1 1) The series in (3.3) is called Laurent’s series of f at z.
2) Y (z—ano)" is called the principal part of the Laurent sereis (3.3).

n=1

Example 3.6.1 Let us expand the function f defined by f(z) = sinz in the Laurent series

around the point zy = 0. We have

, w2n+1
sinw = nZ(;(—l) Nk Yw e C
Let w = %, z # 0, then
sin(l) = Z(—l)"; Vze{zeC, 0<|z| < oo}
z) (2n + 1)1z2n+17 ’ '

n>0
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Example 3.6.2 Let us expand the function f defined by f(z) = = in the Laurent series around

the point zy = 0 in the domain {z € C, 1 < |z| < oo} . We have

1
mzzw”,Vwe{weC,lel}‘
n>0
Since
1 1 __ 11 1‘<1
1_2_2(1_1)_ z1-1"|z ,
then

! 12(1)n 2(1)”“ Z L Vielze 1< <ol
—_— — = — — = —  — (<] N
1 -z z n>0 z n>0 z n>0 Zn+1, ’

Example 3.6.3 Let us find the Laurent series expansion for the function f defined on C \ {1, 2}

by
1

9T

1) in the domain {z € C, |z| < 1}.
2) Inthedomain{z € C, 1 < |z| < 2}.

3) In the domain {z € C, 2 < |z| < oo}.

We have

1 1 1
@ =G0 " 7=2 z-1 FeC\L2

Then

1) If z is a complex number such that |z| < 1, then

1 1
Z_1:1_Z=Z‘z",|z|<1.

Since |§| <1, then

Hence,

f(z) = Zz” - Z;: = Z(l - 23“)2”, Vzel{ze(, |z] < 1}.

n>0 n>0 n>0
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2) If z is a complex number such that 1 < |z| < 2, then

1 1 1 1\" |1
U
4 -z n>0
1 1 11 __Z z"
z—2_2(§_1>‘ 21-% Luomt
Hence,
B 1 z" z" 1
fO=-Y —m - Yo = —Z(znﬂ +Z—1) VzelzeC, 1< <2).
n>0 n>0 n>0
3) If z be a complex number such that 2 < |z| < oo, then
1 1
Z—l_ n202n+1
and
1 1 1 2\" 2" 12
= = - -1 =) —, 7| <L
z—2 2(1_2) zé(z) ;Olz"“’ z| <
Hence,

) 1
f(z)=Z(2 ~1) o, Yz ez €€ 2 <[] < oo).

n>0

3.7 Zeros of holomorphic functions

Definition 3.7.1 Let zy € C and let f be a complex-valued function. Suppose that f is
holomorphic in a neighbourhood of zo. We say that z is a zero of f if f(zo) = 0.

We say that zq is a zero of order k € IN* of f if f(z0) = f'(z0) = --- = f®V(z) = 0, but
f®(zg) # 0.

Remark 3.7.1 If z, is a zero of order k = 1 of f, then we say that z is a simple zero of f.
Example 3.7.1 1) zy = kmt, k € Z are simple zeros of the function z +— sin z.
2) zo = 0is a zero of order k = 3 of the function f defined by f(z) = z sin(z?).

Theorem 3.7.1 Let E C C be a domain, zy € E and f : E — C be a holomorphic function.
Then f has a zero of order k € IN* if and only if f(z) = (z - zo)* g(2), Yz € E, where g is
holomorphic at zy and g(zo) # 0.
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Corollary 3.7.1 & If f and g are two complex-valued functions such that f (respectively, g)

has a zero of order k (respectively, m) at zy € C, then fg has a zero of order k + m at z.

& If f is holomorphic at zy and f(zo) = 0O, then either f is identically zero in a neighbourhood
of zy or there is a punctured disk about z, in which f has no zeros, that is the zeros of a

holomorphic function are isolated.

Theorem 3.7.2 Let y be a positively oriented contour and let f be a complex-valued function.

Suppose that f is holomorphic inside and on y and f(z) # 0 on y. Then

L _1 ([
17 2ni ), f(z)

where z¢ is the number of zeros (counting with multiplicities) of f that lie insidey.

dz

3.8 Analytic continuation

Definition 3.8.1 Let E,D C C be non-empty open subsets such that E C D. If f and F are
analytic complex-valued functions defined on E and D respectively such that F(z) = f(z) for all

z € E, then we say that F is an analytic continuation of f, that is f is a restriction of F to E.

Theorem 3.8.1 Let E C C be a connected region. Suppose that f and g are two analytic
complex-valued functions on E. If f(z,) = g(z,) on a set of points z, € A that converges to a

point zy € E, then f(z) = g(z), Vz € A.
Remark 3.8.1 If analytic continuation exists, then it is unique.

Proposition 3.8.1 Let E,D C C be two domains. Suppose that F is the analytic continuation

of f to D, then the single-valued function G defined by

f(z), z€E
F(z), zeD

G(z) =

is analytic in the domain E U D and G is the analytic continuation of either f or F to EU D.
f and F are called elements of G.
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3.9 Singularities

Definition 3.9.1 Let zy € C and f : C — C be a complex-valued function. We say that z is
a singular point of f if f is not analytic at z, but it is analytic at some point in the open disk
B(zo, 1), for all v > 0.

We say that a singular point z, of f is isolated if there exists v > O such that f is analytic on

some punctured open disk {z € C, 0 < |z — zo| < r}.

Definition 3.9.2 f : C — C be a complex-valued function and p > 0. We say that f has an

isolated singularity point at oo if f is analytic in {z € C, p < |z| < oo}.

Example 3.9.1 Let f(z) = then the singular points of f are z = 0 and z = +i and they

EZ
z(z2+1)7

are isolated.

Example 3.9.2 Each point in | — oo, 0] is a singular point of the function z — Logz and all

these points are not isolated.

Let zy be an isolated singular point of f, then f has the following Laurent series
expansion around z.

+00

f(z) = Z a,(z—2z0)",Vze{zeC,0<|z—zy <1}, r>0. (3.4)

Definition 3.9.3 1) We say that z, is a removable singularity or reqular point of f if a,, =
0, Vn <0.

2) We say that z, is a pole of f of order k € N* ifa_, # 0, but a, =0, Vn < —k.
If k = 1 we say that z, is a simple pole of f.

3) We say that zj is an essential singularity of f if a, # O for an infinite number of negative

values of n.
Remark 3.9.1 e If z, is a removable singularity of f, then its Laurent series takes the form

f(z)=ap+a(z—2z0) +---,0<|z—2z| <rand limf(z) = ao.
z—2
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Theorem 3.9.1 Let zy € C and f be a complex-valued function. Then z, is a removable

singularity if and only if any one of the following conditions holds
1) f has a limit as z approaches z.

2) f can be redefined at z so that the new function is analytic at z.
3) limz ~20)f(2) = 0.

4) f is bounded in some punctured neighbourhood of zy.

Example 3.9.3 Let f(z) = %22, then zq = 0 is a removable singularity of f and we can remove

the singularity by defining F at zo by F(zp) = limf(z) = 1.
Z—Z(

Remark 3.9.2 Let z; be a pole of order k of f, then the Laurent series of f takes the form

a_ a_ (k- a_
_ k (k-1) R 1
(z-2z0)f  (z—2z0)! Z—2

f(z) +ag+a1(z—zp)+--,a4#0
which is valid in some punctured neighbourhood of z.

Example 3.9.4 1) Let f(z) = 24, then

1 z 2
f@=-gt5—
then zy = 0 is a simple pole of f.
2) Let f(z) = 282, then
1 1 2
f@=5-g+g—

then zy = 0 is a pole of order 2 of f.

Theorem 3.9.2 Let zy € C and f be a complex-valued function. Then z, is a pole of order k of

f if and only if
9@
f@) = @—zF

in some punctured neighbourhood of zo where g is analytic at zo and g(zo) # 0.

Example 3.9.5 Let f(z) = |

eZ
z—1)3(z2+1)”

then
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& 2o = lisapole of order 3 of f, since f(z) = (Zg_(zl))3, where g(z) = £, g(1) = £ # 0.

& zo = iisasimple pole of f, since f(z) = %, where g(z) = m, g(i) = #;321 #0.

& 2o = —i is a simple pole of f, since f(z) = %, where g(z) = (Z_l;’zm, g(=i) = -5 1)321 # 0.

Corollary 3.9.1 & If f and g have poles of orders k and m respectively at z,, then fg has a pole

of order k + m at z.

& If f has a zero of order k at z, then % has a pole of order k at z,.

Example 3.9.6 Let f(z) = It is clear that zy = 0 is a simple zero of 2 Fr then zo = 0isa

2(z 1)2
simple pole of f. We have also, z; = 1is a zeros of order 2 of 1 Fr then zy = 1 is a pole of order 2 of

f.

Proposition 3.9.1 Let zy € C and f, g be two complex-valued functions. Suppose that f and

g have zeros of orders k and m respectively, then the function § has
1) a removable singularity at z if k > m.

2) a pole of order m — k at zy if k < m.
Corollary 3.9.2 A rational complex-valued function has only removable singularities or poles.

Proposition 3.9.2 Let zy € C and f be a complex-valued functions. Then z, is a pole of f if
and only if lim |f(z)| = 00
z—2Z0

Definition 3.9.4 Let f be a complex-valued function. We say that zy = oo is

1) aremovable singularity of f if w = 0 is a removable singularity of F(w) where F(w) = f (%)
2) A pole of order k if w = 0 is a pole of order k of F(w) where F(w) = f (%)

3) Anessential singularity of f if w = 0 is an essential singularity of F(w) where F(w) = f (l)

Remark 3.9.3 Suppose that f has a removable singularity at zo = oo and lim f(z) = 0, then

we say that f has a zero at zy = oo
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Example 3.9.7 1) Let f(z) = 222—451 Let us consider the function F defined by F(w) = f (l),

(%)2+1
1\

w

then

F(w) = =w +1.

Then w = 0 is a removable singularity of F, hence zy = oo is a removable singularity of f.

In addition, lim f(z) = 1, then f dose not have a zero at zy = oo.
Z—00

2) Let g(z) = z°. Let us consider the function G defined by

e ~5(2)- 2] -

w w
Then w = 0 is a pole of order 3 of G, hence zy = oo is a pole of order 3 of g.

Theorem 3.9.3 Let f : C — C be an entire function. Then

1) f has a removable singularity at zy = oo if and only if it is constant.

2) f has a pole of order k at zy = oo if and only if it is a polynomial of degree k.

3) f is rational if and only if it has at most poles on the extended complex plane C U {co}.

Definition 3.9.5 Let E C C be a region and let f : E — C be a complex-valued function. We

say that f is meromorphic if it is analytic in E except for poles.

3.10 Exercises

Exercise 3.10.1 Let y be the curve given by z : [0,1] — C, z(t) = t +it*, t € [0,1] and
f(z) = z — 1. Compute the integral fy f(z)dz.

Exercise 3.10.2 Compute the integral fy f(z)dz where f(z) = z + %, Vz € C* and y is the

upper semi-circle at the origin of radius r = 1.

Exercise 3.10.3 Let y = y1 + y, where y is given by the rang of z1(t) = t, t € [0, 1] and y, is
given by the rang of zo(t) = 1 +i(t - 1), t € [1,2].
Compute the integral fy f(z)dz where f(z) =z-1, Vz € C.
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Exercise 3.10.4 Let y be the curve given by z : [0,21] — C, z(t) = 2¢", t € [0,27]. Show

that
e 411e?
dz| < )
‘fy z2+1 Z‘ -3

Exercise 3.10.5 Compute the integral fy e*dz where y is the part of the unit circle joining 1 to

i 1n the counterclockwise direction.

eZ
z2-16

Exercise 3.10.6 Compute the integral fy dz where y is the unit circle traversed once in the

counterclockwise direction.
Exercise 3.10.7 Compute the integral fy ei*_%dz where y is the circle {z € C, |z — 2| = 2}
traversed once in the counterclockwise direction.

Exercise 3.10.8 Compute the integral fy %dz where y is the unit circle traversed once in

the counterclockwise direction.

Exercise 3.10.9 Let y be the contour given by z = ¢,0 € [—m, 7t] traversed in the positive

direction.
1) Show that fy %dz =2mi, Ya € R.

2) Deduce that fon e* <59 cos(a sin 0)dO = .

Exercise 3.10.10 Compute the radius of convergence of the following series

z' (n!)? o (11n+9)" ., 4n? 62 \" Ny
;(1+3i)n+1’ n>0(21’l)!(z 0", Z M +5 z", ; m+1 3n+4 (z - 30)".

n>0

Exercise 3.10.11 Expand in Maclaurin series each of the following functions

1
z22+1

z f(z) =

2o g0) = o, 2 h2) =

z
22+ 4’ 1’

Exercise 3.10.12 Expand in Laurent series on the indicated domain each of the following

functions
1) f(z) = z5, in a punctured disk centered at zo = i.
2) f(z) = m in the domain {z € C, 1 < |z| < 2}.
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Exercise 3.10.13 Determine the zeros and the order of each of them of the following functions

zb f(z) =¥ — ¢, z g(z) = z*sinhz, z - h(z) = z*cos’z, z+ H(z) = z° cos Z°.

Exercise 3.10.14 Determine and classify the singularities of each of the following functions

2242 51 _z+1
Zi—)f(Z)—m, z - g(z) = z%:, th(z)—SinZ,
2 _

2 H(z) = (z= — 1) cos(mz)

(z +2)2z - 1)(z2 + 1) sin®(nz)
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Chapter 4

The residue theorem and its

applications

In this chapter, we start by introducing the notion of residue of a complex-valued
function at a singular point z;, then we present the Cauchy residue theorem and show
how we can apply this important theorem to compute some real integrals. We end the

chapter by giving some exercises.

4.1 Cauchy’s residue theorem

Let f be a complex-valued function.

Definition 4.1.1 Let z be an isolated singular point of f. Suppose that f can be expanded in

Laurent series around z,

+00

n a-— a-1 2
= n(z — =---+ + +ag + —Zp) + - +--- (41
f(z) n:E_ooa (z = 20) C—zP z-z ay + a1(z — zo) + ax(z — zo) (4.1)

The residue of f at zy is the coefficient a_y in (4.1) and we write Res(f, zp) = a_1.

Example 4.1.1 1) Let f(z) = e, then zo = 0 is an isolated singular point of f and forall z € C

such that 0 < |z| < oo, we have

1 1 1 1
f(Z)—e —Zn'zn—l'l‘g'i'ﬁﬁ'"',

n>0

then Res(f,0) = 1.

73



E. Belhannache The residue theorem and its applications

2) Let f(z) = 22, then zo = 0 is an isolated singular point of f and for all z € C such that

0 < |z] < o0, we have

sinz _ (=12t 1 22 2 z2 4
fe) = z (Zn +1)z  z z B

then Res(f,0) =
Theorem 4.1.1 Suppose that f has a pole of order k € IN* at z,. Then

k-1
Res(f,zp) = ;1_)11210 = 1 5 ;k - ( z— zo)kf(z)).

Remark 4.1.1 e If f has a simple pole at z, then
Res(f, zo) = lim(z — zo) f(2)-

o If f has a simple pole at zy and g is a complex-valued function such that g is holomorphic at

Zo, then

Res(fg,z0) = g(zo)Res(f, zo)-

Example 4.1.2 1) Let f(z) =
then

Z(z 5 1t is clear that f has simple poles at zo = 0 and z, = 2,

& 1
Res(f,0) —11mzfz)—121£r(}2_2 5

And

) ) & 62
Res(f,2) = lim(z - 2)f() = lim— = =.

2) Let f(z) = COSZ 5. It is clear that f has a pole of order k = 2 at zog = 0, then
p

Res(f,0) = limt 2 (22f(2))

B limli Cosz
0 lldz \(z - n)3

. —(z—-mn)?sinz - 3(z—n)?cosz
= lim
z—0 (Z — 71)6
3

4
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Proposition 4.1.1 Let P and Q be two complex-valued functions. Suppose that P and Q are
holomorphic at zy, Q has a simple zero at zy and P(zo) # 0. Let f be the function defined by

f(z) = %, then

P(zo)
Res(f,zg) = .
(f:20) 0’ 0)
Example 4.1.3 Let f(z) = Sggi, zg = 5. It is clear that f(z) = % where P(z) = sinz and

Q(z) = cosz. P and Q are holomorphic at zg = %, Q has a simple zero at zy = 5 and

2
P(%)=sin(%)=1#0. Then

T\ P(%) ~ sin(%)
22 "

2

=-1.

Theorem 4.1.2 (Cauchy’s residue theorem) Let y be a positively oriented simple closed
contour. Suppose that f is holomorphic inside and on y except at the points z1,z», . . ., z, inside

y, then
ff(Z)dz = 2niZReS (f,z) -
¥ k=1

Example 4.1.4 Compute the integral fy f(z)dz where f(z) = Z5 and y is the contour in Figure
4.1

Figure 4.1:
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. P . -3 -5 -7
Let f(z) = 5t then f has four singularities zy = €'%, zp = €'%, z3 = €'7 and z4 = €', but

only zq, and z, are inside y. By using Cauchy’s residue theorem, we get

ff(z)dz = 2mi (Res (f, ei%) + Res (f, eisTn)).

We have f(z) = % where P(z) = 1 and Q(z) = z* + 1. We can easily see that Q has simple

zeros at zy and z, and P(z1) = P(z,) # 0, then

iy _ Pl) 1 iy _ Plz2) 1
Res (f,e )— Q’(zll) = 4(31'%)3 and Res (f,e )_ Q’(;z) = 4(61‘%’7)3’
hence
i 1 1 - @ —i3f iT) = T
J stz oy ) 1T

4.2 Residue at infinity

Definition 4.2.1 Let f bea complex-valued function. Suppose that f has an isolated singularity
point at oo, that is f is analytic in {z € C, p < |z| < oo} where p > 0. The residue of f at oo is
given by
1
Res(f, ) = 7 I fe

where r > p and y, = {z € C, |z| = r} negatively oriented.

Definition 4.2.2 Let p > 0. Suppose that for all z € C such that p < |z| < oo, the complex-
valued function f can be expanded in a Laurent series

+00
a_ a_
f(Z):Zanzn:,..+Z—22+71+a0+a12+51222+"' (42)

n=—oo

The residue of f at zy = oo is given by Res(f, o) = —a_;.

Theorem 4.2.1 Let f be a complex-valued function. Suppose that f is holomorphic except for a

finite number of singular points interior to a positively oriented simple closed contour y. Then

fyf(z)dz = 27tiRes (Zl—zf(%), 0). (4.3)
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Theorem 4.2.2 Let f be a holomorphic complex-valued function in C U {oo} except at the

isolated singular points z1,2,, . .., z,, then
ZRes( f,2i) + Res(f, 00) = 0. (4.4)
k=1

Corollary 4.2.1 Let f be a complex-valued function. suppose that f is holomorphic except for
a finite number of singularities. From Theorem 4.1.2, Theorem 4.2.1 and Theorem 4.2.2, we

have
Res(f, 00) = —Res (Z%f(%), 0).

dz
z15-1

Example 4.2.1 Let us compute the integral 5 where y is the circle {z € C, |z| = 2}

traversed once in the counterclockwise direction.
Let f(z) = z@, it is clear that f has 15 simple poles and all of them are inside y, then by using

the Cauchy residue theorem, we get

15
dz ,
I= jy‘m = ZNZZRC’S(f, Zk),
k=1

but we know that -
) Res(f,z) + Res(f, ) = 0,
k=1

then .
ZRes(f, zx) = —Res(f, =),
k=1

hence

dz .
I= ﬁm = —27'(ZR€S(f, OO)

/

Let us evaluate Res(f, o). We have

15 "
f(%) _ : 1§ = i = 2152 (215) _ 2215n+15,
—) -1 n>0

then

Hence

Res(f, 00) = —Res (Zl—zf(z), 0) =0andI=0.
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4.3 Integrals of rational functions

Definition 4.3.1 Let g : R — R be a continuous real function. The improper integral of g

over | — oo, +o0[ is defined by

+00 0 b
f g(x)dx = lim f g(x)dx + lim f g(x)dx
oo a—+oo —a b—+00 0

provided these limits exist.

Theorem 4.3.1 Let f be a rational complex-valued function such that f(z) = Q( ] L where P and

Q do not have a common zero, Q has no zeros on the real axis and degree Q > 2+ degree P, then

fm fx)dx = ZNiZRes (f, zx)
o0 k

where zy are the singular points of f situated in the upper half-plane, I(z;) > 0.

Example 4.3.1 Let us compute the integral I = f_ ::o xfflé.

First, we consider the function defined by f(z) = +1 <. We have f(z) = P(é)) where P(z) = 1 and

Q(z) = z* + 16. We can easily see that P and Q do not have a common zero, Q has no zeros on
the real axis and degree Q > 2+ degree P. In addition, the singular points of f are zg = 2¢'%,
7 = 20'%, 2y = 2% and z3 = 2¢'F and they are simple poles. It is clear that only zo and z,

are in the upper half-plane. Then by Theorem 4.3.1, we get

I = 2mi (Res(f, zo) + Res(f,z1)).

Since
P(Zo) 1 1
Res(f,zp) = = — = :
2) = 5@ 423 326 F
and
P(z) 1 1
Res(f,z1) = =— = —,
V2= 5@ 423 320%
then
2 [ s gy T ( V2. V2 ) n
I= ( +e 4):———1——12 .
32 l6\ 2 2 16 V2
. _ —+00 d
Example 4.3.2 Let us evaluate the integral I = fo @ :‘4)2.
It is clear that the function x — —— is even, then I = } f N . We consider the

-

(x2 +4t)2
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function defined by f(z) = (2 J . We have f(z) = g(é)) where P(z) = 1 and Q(z) = (22 + 4)".
We can easily see that P and Q do not have a common zero, Q has no zeros on the real axis and
degree Q > 2+ degree P. In addition, the singular points of f are zy = 2i and z, = —2i and each
of them is a pole of order two. We can also, see that only z, is in the upper half-plane. Then by
Theorem 4.3.1, we get

I = miRes(f, zp) = miRes(f, 2i).
Since

d 1 -2 1

Res(f,20) = hm_ ((Z -20°f (Z)> ZZdZ (z+2i)7 ll—rélz (z+20)° 320

then I = 312

4.4 Trigonometric integrals
In this section, we consider the integral

27T
]=f R (cos 0,sin 0) dO
0

where R is a rational function with real coefficients of cos @ and sin & and whose

denominator does not vanish on [0, 271]. We put z = ¢/, then

1 1 1 d ‘
e cosB = §(z+g),sin6: —_(z——) and—Z =ie'? = iz.

- {55

where y is the positively oriented unit circle.

Hence

Let z = €9, then

Example 4.4.1 Let us evaluate the integral | = f

2+sm 0

1 e ., 1 1 dz_.ie_.
Z—e ,sm@-zl(z )andde ie' =iz.

Hence

2 o
2+sin6:2+l.(z—1) zrdiz-1
2i z 2iz
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Therefore

|- L 2
~J,2+4sin0 ), 22 +4iz -1

where y is the positively oriented unit circle. It is clear that the function defined by g(z) = ——-

z2+4iz—1

has two simple poles zy = — (2 + \/5)1 and z; = (—2 + \/§)z but only z; is inside y since
lzol =2+ V3> land |z1| = V3 -2 < 1, then by the Cauchy residue theorem, we get

1 27
] = 4miRes(g,z1) = 4mi lim (z — z1)g(z) = 4mi  lim (—) =
921 z——7 Vg z=(=2+V3)i\z + 21 + \/51' \/5

4.5 Evaluation of integrals involving multi-valued func-

tions

In this section, we will evaluate the integral fom x* 1 f(x)dx where 0 < @ < 1, and the

function f satisfies the following hypothesises

H; : z +— f(z)is a single-valued analytic function except for a finite number of isolated

singularities not on the positive real semiaxis.
H, : z+— f(z) has a zero of order at least one at z = co.

Hj: z + f(z) has a removable singularity at z = 0.

Let E be the domain {z € C, 0 < arg(z) < 27}. It is clear that z — z*7!f(z) is single-
valued in E and its singularities are the same as those of the function z — f(z). Let
R > 0 be large enough so that all singularities z; of the function z = f(z) lie inside the
circle yr = {z € C, |z| = R} and let > 0 be small enough so that all singularities z; of
the function z — f(z) lie outside the circle y, = {z € C, |z| = r}. We consider the closed
contour y =y, U [A, B]U ygr U [C, D] in Figure 4.2

By the Cauchy residue theorem, we have

fza—lf(z)dz = ZNiZRes (z“‘l,zk) ,
y k

then

R r
a—1 d a—1 d a—1 d a—1 d — 2 : R a—1 ; .
fr x7 f(x) x+j;Rz f(z) z+‘[R 27 f(2) z+f);z f(z)dz = 2mi Ek es(z f:?;)S)
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YR

Figure 4.2:

From H, : we get |f(z)| < M for some M > 0 and for all sufficiently large |z|, then

-

f 2 f(z)dz
VR

From Hj; : we obtain
f 2 (2)dz
Vr

On [C,D], we have arg(z) = 2n, then z = xe?™  x > 0, hence

r R
f 2% f(z)dz = —* @D f X7 f(x)dx.
R r

By letting r — 0 and R — +o0 in (4.6), we get

+00 ~+00
XL f(x)dx — 2D f X Uf(x)dx = 2miy Res(z7'f, z).
[ Y Y Res(1f,%)

a-1

27R = 2nMR*t —s 0.

R—+00

<

< Kr* 2mr e 0, where K > 0.

Then

+00 i
j(: X f(x)dx = T Zzlm Zk:Res (z"“l f, zk) .

(4.6)

(4.7)

Example 4.5.1 Let us compute the integral I = me X dx where 0 < a < 1. It is clear that

x+1

I= j;rw x 1 f(x)dx where f(x) = ﬁ Then from (4.7), we obtain
2mi a1
I = T Zk:Res (z f, zk) .
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But the function z ZZT}l has only one singularity at zo = —1 that lies inside the contour y

represented in Figure 4.2, (here, we choose r < 1), hence

2mi zo1
I= _R 1.
1 — e2ria es(z+1’ )

Za—l

Since the point z, is a simple pole of the function z — =, then

Za_l . a—1 a—1
Res (z = 1,—1) = zlggz = (-1

By using the definition of the power complex-valued function, we get

I 2mi(-1)*"t  2mie™eh
© 1l-etma ] —g2mia " gin(an)’

4.6 Exercises

Exercise 4.6.1 Compute the following residues

231 o2 623 623
1)Res(z 1,1), 2)Res(m,1), 3)Res(z(z_1),0), 4)Res(z(z_1),1),

. 1 2 273 +7
5) Res (m,4), 6) Res (m, —1),7) Res (m, OO), 8) Res (Z_ (Z — 1)3/ 00

Exercise 4.6.2 Use the residue theorem to compute the following integrals

1 = fy #Z(Zmdz where 7y is the counterclockwise circle around zy = 0 of radius r = 3.

z4-1

2) I, = 5 dz_ where y is the rectangle defined by x = —0.5,x =2, y = -2 and y = 2.

3) I; = fy @@z where y is the counterclockwise circle around zo = 1 of radius r = V3.
4) I, = fy tan(z)dz where y is the counterclockwise circle around zy = 0 of radius r = 2.
Exercise 4.6.3 Use the residue theorem to evaluate the following integrals

—+00 dx —+00 dx —+00 dx
L= o b= o7 b= 2 2 :
e X411 e X Hx+1 o (P+1)(x2+4)

Exercise 4.6.4 Use the residue theorem to evaluate the following integrals

27T 27T 27T
do cos(30) f do
L=| —— L=| —24d0, L= | ——.
! fo 5+3sin6 fo 5—4sin6 T Jo 1+sin%0
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Chapter 5

Applications

In this chapter, we present Liouville’s theorem, the maximum modulus principle and
Rouché’s theorem. We end the chapter by giving some examples about calculus of

integrals by using the residue theorem.

5.1 Liouville’s theorem

Theorem 5.1.1 (Morera’s theorem) Let E C C be a domain and let f : E — C be a complex-
valued function. If f is continuous on E and fy f(z)dz = 0O for every simply closed contour y in

E, then f is analytic.

Example 5.1.1 Let us prove that the function f : C* — C defined by f(z) = 1= jg analytic.

Z2

It is clear that f(z) = fol e Ztdt. Let y be a simple closed contour in C*, then

fy f(z)dz = fy ( fo 1 e‘zztdt) dz = fo 1 ( fy e‘zztdz) dt =0,

hence f is analytic.

Theorem 5.1.2 (Cauchy’s inequality) Let yr be the circle of radius R > 0 and centered at
zo € C. Let f be a complex-valued function. Suppose that f is analytic inside and on yr and

forall z € yg we have |f(z)| < M for some M > 0, then

1
f”(zo)| < n].z_]'\:I, Yn € IN*.
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Theorem 5.1.3 (Liouville’s theorem) The only bounded entire functions are the constant

functions.

5.2 Maximum modulus principle

Lemma 5.2.1 Let f be a complex-valued function. Suppose that f is analytic on an open disk
centered at zy and that the maximum value of |f(z)| over this disk is |f(zo)|, then |f| is constant

on the disk.

Theorem 5.2.1 (Maximum modulus principle) Let E C C be a domain. If the complex-
valued function f is analytic on E and | f(z)| achieves its maximum value at a point z, € E, then

f is constant on E.

Theorem 5.2.2 A function analytic in a bounded domain and continuous up to and including

its boundary attains its maximum modulus on the boundary.
Remark 5.2.1 The maximum modulus principle fails on unbounded domains.

Example 5.2.1 Let us find the maximum of |f(z)| where f(z) = ze* + z*> on the set E = {z €
C, |z| < 1 and 3(z) > 0}. We have f is an entire function, so it is analytic on E, then by Theorem

5.2.2 the maximum of | f(z)| occurs on the boundary of E. Moreover, if |z| < 1, we have
@I <lzlle +zl =l +z| < |e*| + |z] < e + |zl = e+ 1

andifz=1, |[f(1)|=e+ 1.

5.3 Rouché’s theorem

Theorem 5.3.1 Let y be a positively oriented contour and let f be a complex-valued function.
Suppose that f is meromorphic inside and on y and f(z) # 0 on y. Then
1 (f
2ni ), f(z)
where Zy (respectively, Py) is the number of zeros (respectively, of poles) counting multiplicities

of f that lie inside y.

dZZZf—Pf
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Theorem 5.3.2 (Rouché’s theorem) Let E be a domain and let f and g be two meromorphic
complex-valued functions in E. Let y be a simply closed positively oriented contour in E.

Suppose that on y we have |f(z)| > |g(z)| and f and g have no zeros or poles on y, then
Zf = Pf=Zfig = Pray.

Corollary 5.3.1 Let E be a domain and y be a simply closed positively oriented contour in E.
If f and g are analytic on E and |f(z)| > |g(z)| for all z on y, then f and f + g have the same

number of zeros inside y counting multiplicities.

Example 5.3.1 Show that the function defined by h(z) = z® — 5z° — 2z + 1 has five zeros inside
the unit circle.

Let f(z) = —5z° and g(z) = z® — 2z + 1, then for all z such that |z| = 1, we have
|f(z)| = 5z° = 5 and lg(z)| < IzI8 +21z| + 1 = 4,

that is
If @) > lg@2)|, Yz, |z| = 1.

By the Corollary 5.3.1, we obtain that f and f + g = h have the same number of zeros inside the

unit circle, hence h has five zeros inside the unit circle.

5.4 Evaluating real integrals using complex integration

Lemma 5.4.1 1. Forall 0 €]0, 5[, we have

E9 < sin 0. (5.1)
Tt
2.
+00
= f e dx = ﬂ (5.2)
0 2
Proof.

1. Let f be the function defined by f(0) = sin 0 - %, Y6 €]0, 7[. Then for all 0 €]0, 7|,
we have

2
1'(0) = cos O — - and f”(0) = —sin0 <O,
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hence

min £(0) = £0) = f(Z) =0,

€10,

that is
f(0) =sin0 - % > f(0) =

then (5.1) is satisfied.

2. Itis clear that

) —+00 e +00 . +00 +00 _(x2+ 2)
IF = e dx eVdy|= e dxdy.
0 0 0 0

By using the polar coordinates

x=pcosOand y = psing, p >0, 96[0,%],

—p? _E[__ p]w:E
ff e " pdpdO > e 1

we get

ThenI:\/?: -

Example 5.4.1 Consider the Fresnel integrals

+00 +00
Ji = f cos x*dx and |, = f sin x*dx.
0 0

To compute the integrals |, and |,, we consider the complex-valued function f defined by
f(2) = €= and the contour y = OA + AB + BO as in Figure below
1t is clear that the function f is entire, then by using the Theorem 3.3.2, we obtain

f f(z)dz = f eZdz + f e dz + f e”dz = 0. (5.3)
v 0A AB BO

¢ On the line OA we havez =x, 0 <x <.
¢ On the arc AB we have z = re', 0 < 0 <

s
4

¢ On the line BO we have z = pe's, 0 < p <.
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/4

Then (5.3) becomes

" . % . i . 0 . iTo.g
f e dx + f e rie®do + f e elidp = 0. (5.4)
0 0 r
The use of (5.1) gives
fz eir2ezi6riei9 40l < r f 4 eirz(cos(29)+isin(29))| 40 = 7 f 4 o sin(20) 4 0<r f 1 e_rz(4§) de,
0 0 0 0
hence i ,
T o 1—e
f e 1ie®do| < ro-e 0. (5.5)
0 4 r r—+00
From (5.2), we get
0 +00 .
.2 iL .o e 1 +
lim | €7 %edp = —¢'% f ePdp = ——lﬁ. (5.6)
r—+00 r 0 \/E 2
By combining (5.4), (5.11) and (5.12), we obtain
T + 00
lim | e®dx= f (cos x% +isin x2) dx = i + iﬁ,
=t Jo 0 2V2 242
then
+00 —+00
f cos x*dx = f sin x*dx = ﬁ
0 0 22
Example 5.4.2 Let us evaluate the integral
+00 X
-  _dxva>1
]—j:oo ] x,a>1.
For this, we consider the complex-valued function f defined by
eZ
= 5.7
@ = =— 57)
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Y
b 37i/a
—p+2mi/a V3 p+2mi/a
" L i /a 72
—r M p x
x —mi/a

and the contour y = y1 + Y, + V3 + y4 as in Figure below
It is clear that the function f has only singularity zo = ‘= that lies inside y, then by using the

residue theorem, we obtain

L f@)dz = f) Sz + fy Sz fy S+ f f(z)dz:ZNiRes(f,%I). (5.8)

V4

¢ Onyywehavez =x, —p < x < p.

o Ony,wehavez =p+iy, 0<y < 2,
¢ Onyswehavez = x +i%%, —p <x < p.
¢ Onyswehavez =—p+iy, 0<y < &,

In addition, z, is a simple pole of f, then

eZ

Res (f,zo) =

ae"|,_ix  aeim a’
a

Then (5.8) becomes

[ S F)dx + fo g Flp+iy)idy + fp ’ f(x + i%”)dﬂ ﬁ_o F(=p +iy)idy = —2711'%. (5.9)
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The use of (5.7) gives
-
f f (x + 12_71) dx
0 a

fo ’ flp +iy)idy

Applications

—p ex+i27” g 2
0 eax+277i +1 X =—€

(5.10)
21 .

[ e ” <2n ef

1o e 11| =

— . A1
a ew —1 p—>—+)oo 0 (5 )
0 0 ot _
D\ ety 2t e P
‘ﬁ_n f(=p+ zy)zdy| = ‘L mzdy‘ < 1o p_)—+>oo 0. (5.12)
Letting p — +o0 and combining (5.9)-(5.12), we obtain

+00 €x . +00 ex ei%
dx+0—¢é'7 dx+0=-2mi
o €41 |
then

4

2 ela
1-¢%)] = —2ni—,
(1-¢%)) = -2miz
therefore,
= 2mi v 2mi 1 _2m 1 ¢
@ 1-¢% @ efi-eda isin(Z) asin(Z)
Corollary 5.4.1 If we put t = e*, we get

f+°° dt _fm e
o tr+1 oo
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